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This project builds on SCEC-funded efforts by our group to develop earthquake sequence 
simulations that incorporate the myriad process thought to be important for controlling 
earthquake rupture behavior. The processes include viscous flow (i.e., power-law crystal plastic 
creep) of rocks below the brittle-ductile transition (the focus of our 2018 project) and fault zone 
fluid migration and pore pressure evolution with rate-and-state fault friction (the focus of our 
projects in 2018 and 2019). We explored whether rupture extent is determined by the frictional 
velocity-weakening to velocity-strengthening transition on the fault or the brittle-ductile 
transition in the rocks surrounding the fault (Allison & Dunham, 2018). We extended this study 
to include frictional and viscous shear heating, calculating temperature as part of the solution 
(Allison & Dunham, 2021). Simultaneously we investigated fluid pressure cycles, fault valving, and 
swarm seismicity driven by ascending pore pressure pulses (Zhu et al., 2020), as well as fluid-
driven aseismic slip (Yang & Dunham, 2021). We note that all of these efforts were restricted to 
the 2D antiplane shear problem of slip on a single, planar, vertical strike-slip fault. 
 
Efforts in this 2020 SCEC project focused on development of a new earthquake modeling code 
for 2D plane strain problems involving multiple, nonplanar fault segments in complex geometries. 
At the heart of this code is a new discretization of the elastic operator, which is used when solving 
both the quasi-static elasticity problem and the elastic wave equation. Complex geometries are 
divided into multiple, logically four-sided blocks, each meshed with a curvilinear grid. Coordinate 
transforms are used to map each curvilinear mesh to a Cartesian mesh, and the elastic wave 
equation is transformed from physical coordinates to computational coordinates using the chain 
rule (Figure 1). 
 

 
 
Figure 1. Coordinate transform method for solving the elastic wave equations in complex 
geometries using a one-to-one mapping XI = XI(xi). From Almquist & Dunham (2021). 
 
High order summation-by-parts finite difference operators are then applied to approximate 
spatial derivations in the computational coordinates. The discretization of the elastic operator 
overcomes several well-known stability and accuracy challenges when solving the elastic wave 



 2 

equation in second-order form (i.e., in terms of displacements, rather than the more common 
velocity-stress first-order hyperbolic system formulation). We verified the accuracy of the 
method with rigorous convergence tests (Figure 2). The method was also extended to coupled 
acoustic-elastic problems, allowing us to simulate wave propagation and earthquake ruptures 
with an ocean (as might be relevant for offshore faults). 
 

 
 
Figure 2. Convergence test of the elastic wave equation on the curvilinear, multiblock mesh 
shown in (a) with anisotropic elastic properties. (b) The method convergences at the theoretically 
expected rates and is energy conserving and self-adjoint. From Almquist & Dunham (2021). 
 
Next, we applied the method to two wave propagation problems: 1) a point force applied to the 
surface of a heterogeneous, isotropic solid with topography (Figure 3) and 2) a point source at 
the seafloor in a model of an ocean layer over a heterogeneous elastic solid (Figure 4). 
 

 

 
Figure 3. Wave propagation in heterogeneous elastic solid with complex topography. (top left) S-
wave speed (m/s); density and P-wave speed similar. (top right) Time series of vertical particle 
velocity from a station on the free surface, showing convergence as points per wavelength 
(PPWL) is increased. (bottom) Wavefield snapshots (vertical particle velocity, nondimensional) 
from point source applied to the free surface. From Almquist & Dunham (2021).  
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Figure 4. Wave propagation in a heterogeneous elastic solid with a water layer (ocean) on top 
and complex bathymetry. (a) S-wave speed. (b) Wavefield snapshot of horizontal particle 
velocity; note discontinuity across seafloor. 
 
Our next step was adding internal fault interfaces and rate-and-state friction. Our original 
implementation for the quasi-dynamic problem, following the general strategy introduced in 
Erickson & Dunham (2014), led to instability. We traced this to a previously unrecognized need 
to add a penalty term to the state evolution equation (the penalty term is added solely for 
numerical stability, and it vanishes with mesh refinement). With this new addition, the method 
performed as desired, as we examined using convergence tests. We also participated in the SCEC 
SEAS TAG, specifically by solving benchmark problem PB3, which models earthquake sequences 
on planar dipping faults in a uniform elastic half-space. Our code matches other codes (Figure 5) 
and appears to achieve the same accuracy as other volume-discretized methods while using a 
larger grid spacing. Slight differences in our solution from the other solutions becomes apparent 
at later times, which we attribute to truncating the domain too close to the fault, an effect that 
was studied by the SEAS TAG and reported in our joint publication (Erickson et al., 2012). We are 
presently limited to small domains because the code is not yet parallelized, and also stores the 
elastic operator as a sparse matrix, rather than using matrix-free stencil operations. Adding these 
capabilities is an obvious target for improvement. 

 

 
Figure 5. SCEC TAG benchmark problem BP3, 60° normal fault, 2.5 km down-dip. Time series of 
slip velocity and normal stress over 5 earthquakes. Our code (almquist.2) matches the other 
codes reasonably well, despite using 100 m grid spacing (the others use 25 m grid spacing). 
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We also started work implementing power-law viscoelasticity, but this feature has not been fully 
tested. This is another target for future work, as is the addition of fault zone fluid flow with 
porosity and permeability evolution, something we know how to do from our recent projects and 
publications (Zhu et al., 2020; Yang & Dunham, 2021). 
 
We also briefly summarize our group’s work on the coupling between fluids and faulting, which 
has relation to this current and previous SCEC projects, focusing specifically on our new study of 
fluid-driven aseismic slip (Yang & Dunham, 2021). Last year’s SCEC report for project 19074 
summarizes results from our other study on fault valving (Zhu et al., 2020). Our new study 
examines injection into a velocity-strengthening fault (this could be anthropogenic or natural in 
origin; the latter might happen if a permeability seal bounding an overpressured region is 
ruptured, as suggested for many earthquake swarms). We account for dilatancy and permeability 
evolution. Our primary result is a prediction of the amount of slip and the migration rate of the 
slip front, as a function of the initial stress state, injection rate, and fluid transport properties of 
the fault zone (e.g., permeability). 
 

 

 

              
Figure 6. (left) Injection into a velocity-strengthening fault drives an aseismic slip front outward. 
Simulation is symmetric about the injection site at z=0. (center) Pressurization weakens the 
center of the fault, causing slip, which then transfers stress outward to drive the slip front. 
Suctions from inelastic pore dilation strengthen the fault, which slows, but does not prevent, slip 
front advance. (right) Slip front migration rate depends on injection rate and initial stress 
(reported here as the ratio of shear to effective normal stress). (bottom) Snapshots of shear 
stress change, pressure change, slip, and slip velocity at 144 d from the start of injection, from 
the same simulation shown at top. From Yang & Dunham (2021). 
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This project supported one postdoctoral fellow at Stanford University, Martin Almquist, who has 
now transitioned to an Assistant Professor position at Uppsala University, Sweden. This work was 
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