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Summary 
Ground motion time series recorded at stations separated by up to about 50 kilometers show 

a frequency-dependent spatial coherency structure, and the corresponding ground motion intensity 
measures are found to be correlated. As omitting this correlation can result in underestimation of 
seismic losses in risk analysis, it is critical to quantify the spatial correlation structure for ground 
motion Fourier spectra estimated at different sites during a single event within a region. Toward 
this goal, we have developed an empirical frequency-dependent spatial correlation model for the 
within-event residuals of effective Fourier amplitude spectra from the Pacific Earthquake 
Engineering Research Center (PEER) Next Generation Attenuation (NGA) West2 database. The 
correlation model shows slower decrease of the spatial correlation with distance at lower 
frequencies as compared to higher frequencies, in agreement with the underlying ground motion 
data, and no significant dependence on the magnitude of the earthquakes is observed. We use this 
empirical model to incorporate frequency-dependent spatial correlation into a hybrid 
deterministic-stochastic broadband ground motion generation module, which successfully 
generates synthetic time series for 7 western U.S. earthquakes with frequency-dependent spatial 
correlation that closely mimics that of the empirical model. Furthermore, the method also 
significantly improves the correlation for spectral accelerations, Cumulative Absolute Velocities 
(CAVs), and Arias Intensities (AIs) compared with that derived from the original broadband 
module. 
 
Within-Event Residual of the Effective Amplitude Spectrum 
FAS, the amplitude spectrum of Fourier transform of the acceleration time series, depends on the 
recording instrument’s orientation. Such dependency may cause an undesirable bias in applications 
of the calculated FAS values. On the other hand, the EAS defined by Goulet et al. (2018) as 
 

𝐸𝐴𝑆(𝑓) = ()
*
[𝐹𝐴𝑆-.)* (𝑓) + 𝐹𝐴𝑆-.** (𝑓)]    Eq. 1 

 
is rotation independent, and will therefore be used as the intensity measure for our empirical model 
development. As discussed later, we then use the EAS model, with the method of Wang et al. 
(2019), to generate FAS adjustments to simulated time histories. In Equation 1, 𝐹𝐴𝑆-.) and 
𝐹𝐴𝑆-.* are the FAS of two orthogonal as-recorded horizontal components acceleration time 
series, and 𝑓 is the frequency in Hertz. The EAS is smoothed by the log10-scale Konno and 
Ohmachi (1998) smoothing window (e.g., Kottke et al., 2018): 
 

𝑊(𝑓) = 2345	(7 89:(; ;<⁄ ))
7 89:(; ;<⁄ )

>
?
 .    Eq. 2 

Here, 𝑊 is a weight at frequency 𝑓 designed for a window with center frequency fc, and 𝑏 = *A
7B
=

60𝜋, where 𝑏F is the smoothing window bandwidth in log10 units (see Kottke et al. (2018) for 
more details on the smoothing technique). 
 
The normalized EAS within-event residual, epsilon (𝜀), at station 𝑠 during earthquake 𝑒 is 
calculated as a function of frequency 𝑓 as: 
 

𝜀(𝑓) = JKLM(;)
N(;)

= 85OPQLM(;)RSTUVWXLM(;)RJYL
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 ,   Eq. 3 



 
where 𝜑 is the standard deviation, and epsilon is standard normally distributed. 
 
Semivariogram Analysis 
A semivariogram (𝛾)	characterizes the strength of statistical dissimilarity as a function of distance 
and is often used to describe spatially distributed random variables in geostatistics. The empirical 
semivariogram matrix for 𝜀 at each frequency pair \𝑓], 	𝑓_` can be summarized by an isotropic 
semivariogram matrix (Γ) as a function of separation distance ℎ: 
 

Γ(ℎ) = 𝛾;c,;d(ℎ) = e
𝛾;f,;f(ℎ) ⋯ 𝛾;f,;h(ℎ)

⋮ ⋱ ⋮
𝛾;h,;f(ℎ) ⋯ 𝛾;h,;h(ℎ)

k ,  Eq. 4 

 
where matrix element 𝛾;c,;d is as defined, in terms of epsilon. Similarly, the empirical isotropic 
covariance matrix (C) can be written as a function of separation distance ℎ	as: 
 

C(ℎ) = 𝑐;c,;d(ℎ) = e
𝑐;f,;f(ℎ) ⋯ 𝑐;f,;h(ℎ)

⋮ ⋱ ⋮
𝑐;h,;f(ℎ) ⋯ 𝑐;h,;h(ℎ)

k ,   Eq. 5 

 
and we have  
 

𝐶(ℎ) = 𝐶(0) − Γ(ℎ).   Eq. 6. 
 
Data Sources 
In this study, the frequency-dependent spatial correlation model is developed from EAS values for 
recorded ground motions in the PEER NGA West2 database (Ancheta et al., 2014). The NGA-
West2 database includes shallow crustal earthquakes with M>3 in active tectonic regions. The 
normalized within-event EAS residual, epsilon, was determined from the Bayless and Abrahamson 
(2018b) model. This model was calculated from the individual EAS values and the earthquake-
specific smoothed EAS median model for each recorded event at each station. For more details on 
the ground-motion database and data selection criteria, see Bayless and Abrahamson (2018b) and 
Abrahamson et al. (2014). 
 
Semivariograms 𝛾;c,;d of epsilon were calculated for each pair of frequencies, 𝑓] and 𝑓_ (at 
frequency points 0.1-1 Hz with a spacing of 0.1 Hz, and 1-23 Hz with a spacing of 1 Hz) and as a 
function of ℎ from 0 to 120 𝑘𝑚 with a bin size equal to 2 𝑘𝑚. 
 
Linear Model of Coregionalization 
Previous studies (e.g. Wang and Takada, 2005) have observed an exponential decay of the ground 
motion spatial correlation, suggesting that the semivariogram can be well fit using an exponential 
model. For this reason, we anticipate fitting the semivariogram to a function with the general 
behavior: 
 



𝛾(ℎ) = 𝑆 t1 − exp 2− xy
z
>{ ,   Eq. 7 

 
where 𝑆 is the sill that represents the asymptotic value of 𝛾(ℎ) as ℎ goes to infinity, and 𝑅 is the 
range that represents the distance at which the value of 𝛾(ℎ) equals 95% of the sill. In the 
multivariate case, this general behavior would imply a semivariogram at a given frequency pair 𝑓] 
and 𝑓_ of the form: 
 

𝛾]_(ℎ) = 𝑆]_ �1 − exp �−
xy
zcd
�� .   Eq. 8 

 
However, it has been shown that (for within-event residuals of spectral accelerations) 𝑅]_ varies at 
different frequencies such that lower frequencies tend to have larger ranges than do higher 
frequencies (Loth and Baker, 2013). To better represent these frequency dependencies, we 
followed an approach similar to that of Loth and Baker (2013), using a nested semivariogram 
model (a linear combination of single semivariogram models): 
 

𝛾]_(ℎ) = 𝑃]_) 21 − exp 2−
xy
zf
>> + 𝑃]_* 21 − exp 2−

xy
z�
>> + 𝑃]_x  .   Eq. 9 

 
Combining all elements 𝛾]_, we obtain the linear model of coregionalization: 
 

Γ(ℎ) = 𝑷𝟏 21 − exp 2− xy
zf
>> + 𝑷𝟐 21 − exp 2− xy

z�
>> + 𝑷𝟑 ,  Eq. 10 

where	𝑷𝟏 and 𝑷𝟐 are coregionalization matrices corresponding to the short-range and long-range 
models, respectively. Note that the third term, the coregionalization matrix 𝑷𝟑 in Equation 10 
corresponds to the nugget effect, 

𝛾(ℎ) = �0 𝑖𝑓	ℎ = 0
𝑆 𝑖𝑓	ℎ > 0 , Eq. 11 

 
which can be used to represent discontinuity of the semivariogram at separation distances larger 
than zero. Ranges 𝑅) = 10	km and 𝑅* = 100	km provide a reasonable fit to the data and are 
adopted in our model. The coregionalization matrices, 𝑷𝟏, 𝑷𝟐 and 𝑷𝟑, which are symmetric and 
semipositive definite, are estimated from the empirical semivariogram data by the procedure given 
in the next section. 
 
Empirical Frequency-Dependent Spatial Correlation Model for Covariance 
We use the Goulard-Voltz algorithm (Goulard and Voltz, 1992) to develop our frequency-
dependent spatial correlation model for covariance. The iterative algorithm uses a least square 
fitting technique to find the coregionalization matrices that minimize the weighted sum of squares: 
 

𝑊𝑆𝑆 = ∑ 𝜔��𝛤�(ℎ�) − 𝛤(ℎ�)�
*�

��) = ∑ 𝜔� ∑ �𝛾�]_(ℎ�) − 𝛾]_(ℎ�)�
*	�

],_�)
�
��) ,  Eq. 12 

 
where 𝛤�(ℎ�) and 𝛾�]_(ℎ�) represent the semivariogram values computed from the model, and 
𝛤(ℎ�) or 𝛾]_(ℎ�) represent the semivariogram values computed from the empirical data at ℎ�, the 
center of the 𝑘th bin. 𝜔� is a positive weight at ℎ�, which is defined as  𝜔� =

)
y�

 in this study. 



Let us denote 21 − exp 2− xy
zf
>> by 𝑔)(ℎ), 21 − exp 2− xy

z�
>> by 𝑔*(ℎ) and 1 by 𝑔x(ℎ). Equation 

10 can then be written as:  
Γ(ℎ) = ∑ 𝑷𝒍𝑔�(ℎ)�

��) 	 , 𝐿 = 3 .  Eq. 13 
 

The Goulard-Voltz algorithm is now executed using the following steps: 
 
(1) Initialize the coregionalization matrices 𝑷𝒍, 𝑙 = 1,2,3 in this study. 
(2) Iterate from (a) to (c): 
 (a) Compute 𝑊𝑆𝑆 with the current coregionalization matrices. 
 (b) For each 𝑙: 
      (b1) Compute the new coregionalization matrix 𝑷£𝒍 as: 

𝑷£𝒍 =
∑ ¤�¥¦(y�)�§̈(y�)R∑ 𝑷𝒖¥ª(y�)«

ª¬f,ª¦ �®
�¬f

∑ ¤�[¥¦(y�)]®
�¬f

�   Eq. 14 

      (b2) Decompose 𝑷£𝒍 as: 𝑷£𝒍 = 𝑸𝒍𝚲𝒍𝑸𝒍𝑻 
                         where 𝑸𝒍𝑸𝒍𝑻 is an identity matrix and 𝚲𝒍 is a diagonal matrix. 
                 (b3) Change all the negative diagonal elements of 𝚲𝒍 to zero to obtain 𝚲𝒍² (this step is   
applied for ensuring semipositive definiteness of each coregionalization matrix). 
      (b4) Update  𝑷£𝒍 as a semipositive definite matrix 𝑷£𝒍 = 𝑸𝒍𝚲𝒍²𝑸𝒍𝑻. 

(c) Compute 𝑊𝑆𝑆 with the updated coregionalization matrices and loop over (a) to (c) until 
the difference of the 𝑊𝑆𝑆 value from (a) and (c) is smaller than a positive prespecified value. 
 
Noting that  

𝐶(0) = lim
y→²¶

Γ(ℎ) = 𝑷𝟏 + 𝑷𝟐 + 𝑷𝟑,               Eq. 15 
the correlation matrix in Equation 5 can be derived from Equation 6 as: 

𝐶(ℎ) = 𝑷𝟏 exp 2− xy
zf
> + 𝑷𝟐 exp 2− xy

z�
> + 𝑷𝟑𝐼{y�¹}	,   Eq. 16 

where  
𝐼{y�¹} = »1 ℎ = 0

0 ℎ ≠ 0  Eq. 17 
is the indicator function. 
 
Note that the coregionalization matrices after computation from the Goulard-Voltz algorithm are 
normalized as: 

½cd
¦

(½cc
f²½cc

�²½cc
¾²(½dd

f ²½dd
� ²½dd

¾
 .   Eq. 18 

 
Inclusion of Frequency-Dependent Spatial Correlation into Ground Motion Simulation 
We demonstrate and validate our spatial correlation approach on the San Diego State University 
Broadband Ground Motion Generation Module (hereafter the “SDSU Module”) (Olsen and 
Takedatsu, 2015; Mai et al., 2010; Mena et al., 2010).  
 
Our implementation approach for the frequency-dependent spatial correlation is an extension of 
that developed by Wang et al. (2019) for incorporating inter-frequency correlation. The spatial 
correlation model in Equation 16 is developed for the within-event residual of the orientation-
independent EAS, while the SDSU Module simulations generate separate components of ground 



motion. For this reason, we apply the EAS frequency-dependent spatial correlation model to the 
FAS of each of the two horizontal components generated by the method. The resulting synthetic 
time histories are then found to include correlations in agreement with the EAS model, provided 
the FAS adjustments made to the two individual horizontal components at each station are suitably 
correlated. We use a correlation coefficient of 0.7 for the two FAS component adjustments at the 
same station, a value recommended by Wang et al. (2019) from their study on inter-frequency 
correlation. 
 
We illustrate our method using 50 source realizations for the Loma Prieta earthquake obtained by 
the kinematic source generator module by Graves and Pitarka (2015). Figure 1 (bottom) shows the 
spatial correlation coefficients of 𝐸𝐴𝑆 from 50 source realizations of the Loma Prieta earthquake 
generated from the SDSU Module with the implementation of our spatial correlation method, at 
example frequency pairs. It can be seen that, without the spatial correlation implementation step, 
the synthetics show almost zero interstation correlation (typically less than 0.1 for any frequency 
pair) for separation distances exceeding a kilometer or two. In contrast, the correlation 
implementation step results in correlation of the synthetics that very closely follows the empirical 
model, with significant correlation persisting to distances of ~50 km. The correlation has subtle 
effects on the time domain. 
 
The fact that the SDSU Module correlation implementation allows the correlated synthetics to 
essentially replicate the empirical correlation for PSA suggests that one could now use the 
correlated SDSU Module synthetics (with the present EAS model implemented) to generate any 
other ground motion metrics with a valid “empirical” correlation, such as Arias intensity and 
Cumulative Absolute Velocity. This also suggests that the correlated SDSU Module synthetics 
may provide a means for deriving correlation models for other ground motion metrics. 

 

Figure 1. Comparison of the spatial correlation coefficients of epsilon for EAS at the reference 
frequency pairs 𝑓) = 𝑓* = 0.2	𝐻𝑧 (left), 𝑓) = 𝑓* = 1	𝐻𝑧 (middle) and 𝑓) = 𝑓* = 5	𝐻𝑧 (right) from 
the proposed model (red lines) and the SDSU Module before (top) and after (bottom) applying our 
method (dots) for the Loma Prieta earthquake with 50 source realizations. 
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