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Summary

Abstract

Forecasts of the focal mechanisms of future earthquakes are important for seismic hazard
estimates and other models of earthquake occurrence. The method was originally proposed by
Kagan & Jackson in 1994. An important problem is how to evaluate the skill of the focal
mechanism forecast and optimize this forecast. In our recent paper (Kagan & Jackson, 2014) we
started to investigate this problem. In previous publications we reported forecasts of 0.5 degrees
spatial resolution, covering the latitude range from -75 to +75 degrees, based on the Global
Central Moment Tensor earthquake catalog. In this project we perform a high-resolution global
forecast of earthquake rate density as a function of location, magnitude, and focal mechanism.
In these forecasts we’ve improved the spatial resolution to 0.1 degrees and the latitude range
from pole to pole. Our focal mechanism estimates require distance-weighted combinations of
observed focal mechanisms within 1000 km of each grid point. Simultaneously we calculate an
average rotation angle between the forecasted mechanism and all the surrounding mechanisms.
This average angle reveals the level of tectonic complexity of a region and indicates the potential
accuracy of the prediction. Thus deformation complexity displays itself in the average rotation
angle and in the Γ-index. Initially we have used the GCMT catalog, which has a significant
number of shallow earthquakes, that allow us to test forecast verification procedures. However,
the large number of parameters needed to evaluate future focal mechanisms makes such work
time-intensive. We constructed a simple tentative solution but extensive additional theoretical
and statistical analysis is needed.
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TECHNICAL REPORT

Forecasting focal mechanisms and
assessing their skill

This project addresses two problems: forecasting
earthquake focal mechanisms and evaluating forecast
skill. The focal mechanism forecast method was orig-
inally developed by Kagan & Jackson (1994). It was
implemented in California (Kagan et al., 2007) and
in several seismically active regions. Kagan & Jack-
son (2000, 2011) applied this method to regional and
global seismicity forecasts inside the latitude band
[75◦ S−75◦ N ]. In the present forecast, the weighted
sum of normalized seismic moment tensors within
1000 km radius is calculated and the T- and P-axes for
the predicted focal mechanism are evaluated by cal-
culating summed tensor eigenvectors. We also calcu-
late an average rotation angle between the forecasted
mechanism and all the surrounding mechanisms as
well as the CLVD index of the average moment ten-
sor. This average angle show tectonic complexity of
a region and indicates the accuracy of the prediction.

Kagan & Jackson (2014, hereinafter abbreviated as
KJ2014) discussed two problems: forecasting earth-
quake focal mechanisms and evaluating a forecast
skill. The first problem was initially addressed by
Kagan & Jackson (1994), but no attempt to verify
the forecast has been carried out until now. KJ2014
proposed several verification methods, but the tech-
niques were based on ad-hoc, empirical assumptions,
thus their performance was not clear. In this work
we apply a more conventional likelihood method to
measure the skill of forecast.

The likelihood estimate for the focal mechanism
prediction compares actual forecasts or later occur-
rences of predicted events with the null hypothesis
that the mechanism’s orientation is equally probable
or random. It is similar to our forecast testing for
long- or short-term earthquake rate predictions (Ka-
gan & Jackson 1994, 2011), where we use a Poisson
process uniform in space or time as the null hypoth-
esis. For 3-D rotation the random probability distri-
bution function (PDF) for the rotation angle (Φ) is
not uniform in the relevant parameters.

Progress Report

KJ2014 have constructed (see its Fig. 1) daily
worldwide long- and short-term earthquake fore-
casts based on the Global Centroid-Moment-Tensor

(GCMT) catalog (Ekström et al. 2012, and its refer-
ences).

The GCMT (1977-2012) completeness threshold
corresponds to scalar moment Mt = 1017.7 Nm, or
moment magnitude mt = 5.8; only earthquakes above
the threshold are used in the analysis (KJ2014). The
forecasts specify the earthquake rate per unit area,
time, and magnitude with the spatial resolution to 0.1
degree and the latitude range from pole to pole. The
focal mechanism orientation is also computed in the
forecast. We limit this study to the latitude band-
width [75◦S − 75◦N ] to reduce computation time.
Moreover, almost all earthquakes in the GCMT cat-
alog are concentrated there (KJ2014, Fig. 2).

In KJ2014 paper we analyzed the focal mecha-
nism orientation distribution in the GCMT catalog.
Though the GCMT provides a general description of
the earthquake source as a symmetric deviatoric mo-
ment tensor, in our studies we used only the DC so-
lution. The orientation of the DC source (O) can be
expressed by several largely equivalent methods: seis-
mic moment tensor, fault-plane solutions, principal
axes (T -, P -, B-axes) and quaternions (Kagan 1991).
Because of the DC symmetry, four rotations with an
angle less than or equal to 180◦ are needed to trans-
form one DC into another. We select the smallest
rotation angle (Φ) as the representative (ibid.).

As described in Kagan & Jackson (1994) and in
KJ2014 (see its Eqs. 2-5), we estimate the focal
mechanism orientations of future earthquakes using
a distance-dependent weighted combination of focal
mechanisms of past earthquakes. For seismicity rate
we optimize the parameters of the combination (e.g.,
width of the smoothing kernel) as follows: we divide
the available GCMT earthquake catalog into a learn-
ing or training set (here 1977-2007 inclusive) and a
test or validation set (2008-2012), and select those pa-
rameters that best predict the earthquake rate in the
test set using only data from the learning set. Because
of difficulties of measuring focal mechanism forecast
efficiency for earthquake source we did not optimize
our prediction. As we explained in the Introduction
section, our aim in KJ2014 paper and in this work
is to develop methods of evaluating the forecast skill
and employ it in a future work.

For shallow (depth 0–70 km) earthquakes the fore-
casted focal mechanism can be calculated at any point
in seismically active areas on Earth; for efficiency we
calculate at the centers of cells spaced uniformly in
latitude and longitude. Our tasks here are to esti-
mate the uncertainty of the forecast and evaluate its
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predictive performance. For both tasks, we employ
the minimum rotation angle Φ between pairs of ori-
entations as described in the previous paragraph. The
uncertainty estimate is based on the variability of the
data that go into the forecast,

Φ1 =
1

N

N∑
i=1

Ψ(O0 ,Oi) , (1)

where Oo is the predicted focal mechanism orienta-
tion at a cell center (as shown in Eqs. 2-5 of KJ2014),
Oi is the orientation of each event in the learning
set within 1000 km of the cell center, the operator
Ψ (O0 ,Oi) = Φi determines a minimum rotation an-
gle between two DC orientations, and N is the num-
ber of events for this cell in the training set (1977-
2007). We need to compute the variability only at
test points, that is the centers of cells containing an
earthquake in the test set. Note that at any location
Φ1 depends only on the information in the learning
set and will be small if the focal mechanisms near
the test point are very similar. The angle Φ1 is non-
negative, and its empirical distribution is asymmet-
rical and peaked near zero (see Figure 1 below). We
employed cell sizes of 0.5 and 0.1 degrees, the choice
made little difference.
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Figure 1. Distribution of rotation angles for shal-
low (depth 0–70 km) earthquakes in the GCMT cata-
log, 1977–2007/2008–2012, rs = 6 km, latitude range
[75◦S − 75◦N ], earthquake number n = 1069. Scat-
terplot of interdependence of the predicted Φ1 and
observed Φ2 angles (Eqs. 1,2). Both angles are cal-
culated for the cells in which earthquakes of the test
period occurred. Blue lines from top to bottom are
75%, 50%, and 25% Φ2 quantiles for a Φ1 angle sub-
division with equal number of events in 10 subsets.

As a measure of prediction error we use the min-
imum disorientation angle Φ2 between the predicted
and observed focal mechanisms for each event in the
test set 2008-2012.

Φ2 = Ψ(O0 ,Oj) , (2)

where O0 is the earthquake orientation in a forecasted
cell, and Oj is the orientation of an earthquake which
occurred in this cell during 2008-2012.

In Figure 1 we display a scatterplot of two angles
Φ1 and Φ2. To investigate the interdependence of
two angles, we subdivide the plot of 1069 Φ1 angles
(i.e., the forecast uncertainty) into ten subsets with
an increasing angle and calculate the quantiles of Φ2

distribution in each of these subsets. Generally, the
smaller the value of Φ1, or the smaller Φ2 and their
variation, the better the forecast. The ideal forecast
should have Φ1 = Φ2 = 0.
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Figure 2. GCMT catalog, 1977–2007/2008–2012,
rs = 6 km, latitude range [75◦S − 75◦N ], earthquake
number n = 1069. Blue and cyan curves are cumula-
tive distributions of predicted rotation angle Φ1 and
of observed rotation angle Φ2 at earthquake centroids,
respectively (Eqs. 1,2). The dashed lines from left to
right are for the Cauchy rotational distribution (7)
with κ = 0.025, 0.050, 0.075, 0.1, 0.2, 0.5. Right green
solid line is for the random rotation. Distribution
analysis results for angles Φ1 and Φ2 are written at
the bottom of the plot: < Φ > is average rotation
angle, σΦ its standard deviation, Cv = σΦ

<Φ> its coef-
ficient of variation.

The gridded focal mechanism forecast is displayed
in Fig. 4 of KJ2014. In Table 1 we list the properties
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of both angles distribution shown in Figure 1. The
average Φ2 value increases steadily with the increase
of Φ1, though the standard deviation is generally sta-
ble, thus the coefficient of variation also decreases for
later subsets. In Fig. 7 by KJ2014 this interdepen-
dence of two angles was characterized by regression
lines.

Table 1. Values of observed rotation angle Φ2

for 10 subsets of scatterplot of two angles Φ1 and
Φ2 with an increasing angle of Φ1 (see Figure 1).
The beginning value of the Φ1 interval is shown in
column 2. < Φ2 > is the average angle, σΦ is the
standard deviation, Cv is the coefficient of variation
(Cv = σΦ

<Φ> ) for angle Φ2, n the number of events in
a subset, and I4 is the information score in bits.

No. Φ1 < Φ2 > σΦ Cv n I4
◦ ◦ ◦ Coef. Score

1 2 3 4 5 6 7
1 0.2 18.0 23.3 1.29 106 6.56
2 6.4 17.3 21.6 1.25 106 6.47
3 9.5 20.8 25.6 1.23 107 5.93
4 12.1 20.7 24.6 1.19 106 5.85
5 15.1 30.6 30.9 1.01 107 4.32
6 18.8 34.5 29.7 0.86 107 3.35
7 23.5 31.7 24.0 0.76 106 3.42
8 29.4 40.4 28.3 0.70 107 2.36
9 36.4 50.4 28.9 0.57 106 1.45
10 47.2 58.4 24.4 0.42 108 0.77

Kagan (2013, Section 5) considers three theoretical
statistical distributions for the double-couple (DC)
source orientation:
• 1. The uniform random rotation, which corresponds
to crystallographic orthorhombic symmetry for a gen-
eral DC source. This distribution is defined for the
orientation angle range 0◦ − 120◦ for the minimum
rotation angle Φ. This random distribution is impor-
tant as a potential null hypothesis for comparing it
with observational and theoretical rotational distri-
butions. The PDF is

f(Φ) = (4/π)(1− cosΦ) for 0 ≤ Φ ≤ 90◦ ; (3)

f(Φ) = (4/π)(3 sinΦ+2 cosΦ−2) for 90◦ ≤ Φ ≤ ΦS ;
(4)

and

f(Φ) = (4/π)

{
3 sinΦ + 2 cosΦ− 2 −

(6/π)

[
2 sinΦ arccos

(
1+cosΦ
−2 cosΦ

)1/2

−

(1− cosΦ) arccos 1+cosΦ
−2 cosΦ

]}
for ΦS ≤ Φ ≤ 120.0◦ , (5)

where

ΦS = 2arccos (3−1/2) = arccos

(
− 1

3

)
≈ 109.47◦ .

(6)

• 2. Two non-uniform theoretical statistical distribu-
tions: the rotational Cauchy law (Kagan 1992, 2013)
and the rotational von Mises-Fisher (VMF) distribu-
tion (Kagan 2000; Mardia & Jupp 2000, pp. 289-292;
Morawiec 2004, pp. 88-89).

Two Cauchy distributions need to be distin-
guished: the regular Cauchy law in an infinite 3-D
Euclidean space and the rotational Cauchy distribu-
tion for rotation in the 3-D space (Kagan 1990, 2013).
The Cauchy law in the 3-D Euclidean space has a
power-law tail for large distances. This Cauchy distri-
bution is especially important for representing earth-
quake geometry, since theoretical arguments and sim-
ulations (Kagan 1990) show that the stress tensor in
a medium with uniformly distributed random defects
follows this distribution. The regular Cauchy law is a
stable distribution (Kagan 2013).

The distribution of rotation angles between neigh-
boring earthquakes was found out to be well approx-
imated by the rotational Cauchy law (Kagan 1992,
2013). The rotational Cauchy is defined on the 3-
D hypersphere of a normalized quaternion (Kagan
1990). The PDF of the rotation angle Φ for the rota-
tional Cauchy distribution can be written as

f(Φ) = 2
π

[
κA2(1+A2)
(κ2+A2)2

]
= 4κ [1−cos(Φ)]

π [1+κ2+(κ2−1) cos(Φ)]2
,

for 0◦ ≤ Φ ≤ 180◦ , (7)

where A = tan(Φ/2). The scale parameter κ of the
Cauchy distribution represents the degree of incoher-
ence or complexity in a set of earthquake focal mech-
anisms.

The von Mises-Fisher distribution is a Gaussian-
shaped function defined on the 3-D hypersphere of a
normalized quaternion. It is concentrated near the
zero angle Φ. This distribution can be implemented
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to model random errors in determining focal mecha-
nisms.

The VMF distribution is obtained by generating a
3-D normally distributed random variable u (u1, u2,
u3) with a zero mean and the standard deviation σu

(σu1
, σu2

, σu3
) and then calculating the unit quater-

nion

q0 = 1/
√
1 + u2

1 + u2
2 + u2

3 ,

qi = ui/
√
1 + u2

1 + u2
2 + u2

3 ,

for i = 1, 2, 3. (8)

The 3-D rotation angle is calculated

Φ = 2 arccos(q0) . (9)

Since components of the vector u are normally dis-
tributed, the sum (u2

1 + u2
2 + u2

3) in Eq. 8 follows
the Maxwell distribution. The Maxwell equation de-
scribes the distribution of a vector length in three di-
mensions, if the vector components have a Gaussian
distribution with a zero mean and a standard error
σu. For small σu the distribution of angle Φ follows
the Maxwell law (Kagan 2013). The PDF and cumu-
lative distribution function (CDF) for the VMF law
can be taken from Kagan (2013, eqs. 20-21).

In above equations these Cauchy and VMF laws
are theoretically defined for orientation angle range
0◦ − 180◦. However, because of the orthorhombic
symmetry of the general DC source (Kagan 2013), its
maximum disorientation cannot exceed 120◦. Since
we cannot obtain an analytical representation of these
distributions for the DC source, we use simulation
(Kagan 1992) to derive these distributions for the
range 0◦ − 120◦.

Figure 2 displays the DC random cumulative rota-
tion distribution (integrated from Eqs. 3–6), as well
as several Cauchy distributions. The Cauchy dis-
tribution (7) has only one parameter (κ), a smaller
κ-value corresponds to the rotation angle Φ concen-
trated closer to zero. The Cauchy laws CDF for a
DC source are taken from Kagan (1992, see Fig. 3a).
These theoretical laws can be compared to the cu-
mulative Φ1 and Φ2 angle distributions. The Cauchy
law approximates the Φ1 curve reasonably well for
κ = 0.075 up to about 20◦. Even for larger angles the
observation curve is close to the Cauchy law line. A
similar effect is observed for the Φ2 curve.

In Figure 3 the focal mechanism angles are com-
pared to the cumulative VMF distribution for a DC
source (see Kagan 1992, Fig. 3c). As expected (see
Kagan 2013) the fit of the VMF law to observation

curves is not as good as for the Cauchy distribution,
which provides a much better approximation (Fig-
ure 2).
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Figure 3. GCMT catalog, rs = 6 km, latitude
range [75◦S − 75◦N ], 1977–2007/2008–2012, earth-
quake number n = 1069. Blue curve is the cumulative
distribution of predicted rotation angle Φ1 at earth-
quake centroids. The dashed lines from left to right
are for the von Mises-Fisher (VMF) rotational dis-
tribution with σu = 0.05, 0.1, 0.2, 0.3, 0.4, 0.5. Right
green solid line is for the random rotation. Red solid
curve is for the rotational Cauchy distribution with
the domain [ 0◦ – 180◦].
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Outreach Activity

Our work on earthquake forecasting and its test-
ing has been extensively reported in scientific litera-
ture (see below the list of publications) as well as in
many presentations at scientific meetings and work-
shops (see the list of presentations/abstracts below)

Intellectual Merit

Our ultimate objective is to construct a model for
computing and testing the probability that an earth-
quake of any size will occur within a specified region
and time and determine its possible focal mechanism.
The advantage of such our approach is that earth-
quake rate prediction can be adequately combined
with focal mechanism forecast, if both are based on
the likelihood scores, resulting in a general forecast
optimization. These aims correspond specifically to
SCEC research objectives.

Broader Impacts

Evaluating the future rate of earthquake occur-
rence in time-space-magnitude-focal mechanism ori-
entation in any given region is important for designing
critical facilities, for comparing earthquake and tec-
tonic moment rates, and for understanding the rela-
tionship of earthquakes to stress, material properties,
fault and plate geometry, and many other features
which might affect earthquake rupture. The devel-
oped method can be used by engineers and decision
makers to estimate earthquake hazards. This project
provided technical experience and training to UCLA
graduate students Anne Strader.
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