
1 
 

Final Annual Report 
11 March 2014 

SCEC Award 12053 
Stress Field Models from Maxwell Stress Functions 

(February 2013 – January 2014; $10k) 

by Peter Bird 
Department of Earth, Planetary, and Space Sciences 

University of California 
Los Angeles, CA 90095-1567 

pbird@ess.ucla.edu 
ABSTRACT: 

The lithospheric stress field is divided into 3 components: a standardized pressure curve, a topographic 
stress anomaly, and a tectonic stress anomaly.  The topographic stress anomaly is computed by 
numerical convolution of 3 tensor Green’s functions provided by Boussinesq, Cerruti, and Mindlin.  By 
assuming either a seismically-estimated or isostatic Moho depth, and by using Poisson ratio of either 
0.25 or 0.5, I obtain 4 alternative topographic stress models.  The tectonic stress field, which satisfies the 
homogeneous quasi-static momentum equation, is obtained from particular second-derivatives of 
Maxwell vector potential fields which are weighted sums of basis functions representing constant stress 
components, linearly-varying stress components, and harmonically-varying stress components.  
Boundary conditions include zero traction due to tectonic stress at sea level, and zero traction due to 
total stress anomaly on model boundaries at asthenospheric depths.  The total stress anomaly is fit by 
least-squares to both World Stress Map data and a previous faulted-lithosphere, realistic-rheology 
dynamic model of the region computed with Shells.  Constraints of computer memory, execution time, 
and ill-conditioning of the linear system (which requires damping) limit spatially-oscillating stress to no 
more than 5 cycles per axis of the model.  No conflict is seen between the two target datasets, and the 
best-fitting model (using an isostatic Moho and Poisson ratio 0.5) gives minimum directional misfits 
relative to both targets.  Peak shear stresses in this preferred model are 130 MPa, and peak vertically-
integrated shear stresses are 3.4×1012 N/m.  Channeling of deviatoric stress along the strong Peninsular 
Ranges and Great Valley is evident. 
TECHNICAL REPORT: 
A new stress-modeling program has been written in Fortran 90 for this project.  It is named FlatMaxwell 
because of its flat-Earth approximation and its use of Maxwell stress-function vector fields.  FlatMaxwell 
has been applied to model stress in the lithosphere of the SCEC region. 
I use the flat-Earth approximation based on a polyconic map projection about an origin at 34°N, 118°W.  
The Cartesian axes are x (initially East from this origin), y (North, at the origin), and z (upward from sea 
level, antiparallel to gravity).  The model volume is a rectangular solid with sides of 750 × 600 × 100 km 
(Figure 1), so it includes the lithosphere in the SCEC and CSM regions, plus a small amount of upper 
asthenosphere.  (The angular divergence between these Cartesian axes and spherical-Earth-following 
great-circle axes is only 3° at the edges of the model.)  In this Cartesian model space, the quasi-static 
momentum equation (or stress-equilibrium equation) is 
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in terms of the stress tensor σ�  , gravity g, and density ρ.  Note my conventions that normal stresses are 
positive when tensile, and that shear stresses are positive when they tend to elongate rectangles toward 
the 1st (+, +) and 3rd (-, -) quadrants of the relevant plane. 
Next, stress σ�  is expressed as a sum of 3 components: 
 0( )P z Iσ µ τ≡ − + +�� � �  (2) 

where 0 0( )d
z

P g s sρ
∞

≡ ∫  is a reference lithostatic pressure curve based on a 1-D reference density 

model 0( )zρ , µ�  is the topographic stress anomaly, and τ�  is the tectonic stress anomaly.  Specifically, I 
define µ�  as any convenient solution to the inhomogenous quasi-static momentum equation driven by 
density anomaly 0( , , ) ( , , ) ( )x y z x y z zρ ρ ρ∆ ≡ −  , 
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and τ�  as any solution to the complementary homogeneous quasi-static momentum equation,  
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The sum µ τ+� �  will be referred to as the “total stress anomaly” (relative to standardized reference 
pressure).  Note that total stress anomaly is not the same as deviatoric stress, although it shares the 
same principle axes as deviatoric stress.  The deviatoric stress matrix has zero trace, but the total stress 
anomaly matrix does not. 
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For the calculations in this project, I have taken g to be 9.796494 m s-2, and reference density model 0ρ  
as follows: Atmospheric density declines exponentially upward with scale height 8435 m and provides a 
pressure of 101325 Pa at sea level.  Seawater density is 1025 kg m-3.  Crustal density increases linearly 
downward from 2500 kg m-3 (clastic sedimentary rock) at the surface to 2957 kg m-3 (gabbro) at the 
Moho.  Mantle density decreases with depth, due to increasing temperature, from 3230 kg m-3 at the 
Moho to 3125 kg m-3 at the lithosphere-asthenosphere boundary (taken to be 63 km below sea level).  
Asthenosphere density is constant at 3125 kg m-3.  Note that the atmosphere is the only layer in which I 
consider the effects of pressure on density; in the rest of the model, I retain only the stronger effects of 
composition (in the crust) and temperature (in the upper mantle).  The reference elevation is 0z =  (sea 
level) and the reference Moho is 25 km below this. 
The most convenient solutions for the topographic stress anomaly µ�  come from classic published 
solutions for an isotropic and homogenous elastic half-space, with no density or pre-stress, but subject 
to vertical surface point loads (Boussinesq), or horizontal surface point loads (Cerruti), or vertical 
internal point loads (Mindlin).  Specifically, I took the formula for the Boussinesq solution from Sitharam 
and Govindaraju [2013], the Cerruti solution from Westergard [1952], and the Mindlin solution from 
Mindlin [1936], with necessary corrections to signs of some components, due to my right-handed 
coordinate system and my tension-positive convention.  All solutions were implemented by numerical 
convolution of these solutions, using fine-grained gridded source points that were systematically offset 
from receiver points to avoid singularities.  Naturally, the vertical surface load, per unit area, is the 
weight of topography or bathymetry, obtained from the digital elevation model ETOPO5 [anonymous, 
1988].  The horizontal surface load is equal to the vertical surface load times the negative of the 
(dimensionless) horizontal gradient of topography, as in the case of sand piles.  Vertical internal loads 
come from distributed density anomalies, especially crustal roots.  All topographic stresses were 
computed on a grid with x∆ =  19.737 km, y∆ =  20 km, and z∆ =  2.5 km.  When topographic stresses 
are needed at other points, they are interpolated, one component at a time, from the 8 nearest grid 
points using the scalar nodal functions of a brick-shaped finite element. 
The only material property in these solutions is the Poisson ratio.  One natural choice is 0.25, based on 
the common relation between compressional and shear seismic velocities that S P 3V V≅ .  However, 
topographic (and tectonic) stress anomalies last for millions of years, during which there may be some 
viscoelastic relaxation.  It is well-known that the long-term asymptotic stresses in viscoelastic solutions 
to problems with traction boundary conditions resemble elastic solutions with an incompressible 
Poisson ratio of 0.5, because viscous permanent strain mechanisms conserve volume.  Therefore, I 
computed topographic stress anomaly solutions with both values of the Poisson ratio.  In general, the 
solutions with Poisson ratio 0.25 have greater shear stresses and smaller pressure anomalies, while the 
solutions with Poisson ration 0.5 have smaller shear stresses and larger pressure anomalies.  The value 
of the Poisson ratio is incorporated into the name of each topographic stress model. 
Another choice is how to model the shape of the Moho.  In one set of models, I used the seismically-
constrained southern California Moho model of Tape et al. [2012]; such models are identified by 
keyword “Seismic” in their names.  However, it was notable that this Moho shape did not provide 
perfect isostatic compensation for the topography; therefore, topographic stress anomaly fields were 
not confined to lithospheric depths, but continued past 100 km depths with shear stress intensities of up 
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to 10 MPa.  It is questionable whether the asthenosphere under southern California is this strong?  
Therefore, I computed alternative models with a Moho shape chosen for local isostatic balance (given 
my assumed layer densities), to provide an end-member with minimal topographic stress anomalies in 
the asthenosphere; these two models are distinguished by “Isostasy” in their names. 
The tectonic stress anomaly τ�  satisfies the homogeneous quasi-static momentum equation (4), and 
therefore it can be obtained from particular second-derivatives of a continuous vector field Φ�  by 
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This was apparently first discovered by William Thompson (later, Lord Kelvin) and published in Maxwell 
[1848].  Although I have been unable to examine this original source, secondary sources include Love 
[1927], Sadd [2005], and the Wikipedia entry “Stress functions”. 
I explore possible vector fields Φ�  which are formed as weighted sums of 1, ,i N= …  basis functions,  
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each of which is a vector (specifically, a single-component vector of constant direction) that varies in 
magnitude across space in proportion to products of 1-D polynomial or harmonic functions.  In practice, 
it will not work to choose a simple mathematical form that expresses all possible continuous vector 
fields.  This is because (a) some vector fields result in no tectonic stress anywhere; and (b) some tectonic 
stress fields have more than one possible stress-potential vector field.  Therefore, I have designed a 
complete and complementary set of basis functions which provide for: (1) spatially-constant values of 
each tectonic stress component; (2) values of any tectonic stress component that may vary linearly 
along any spatial axis; (3) stress-potential vectors of arbitrary direction that vary harmonically as a 
function of any one space direction (“stress waves”); (4) stress-potential vectors that vary harmonically 
as a function of any two space directions (“stress quilts”); and (5) stress-potential vectors that vary 
harmonically as function of all three space directions (“stress crystals”).  A technical appendix listing 
these basis functions is available on request.  A useful parameter that describes the resolution of these 
basis functions is the maximum number of wavelengths (W) along any one side of the model domain.  
For 0, ,6W = …  the necessary numbers of coefficients are N =  21, 333, 1989, 6141, 13941, 36541, 
45093.  Note that all harmonic basis functions have wavenumbers which are integer multiples of {Π × 
appropriate model dimension}; therefore, the repeat distances are twice as wide (or deep) as the model, 
and there are no unwanted periodic relations between stresses and tractions on opposing sides of the 
model volume. 
One way to approach a unique solution for Φ�  and τ�  is to assume the material is elastic, and is also 
lacking any pre-stress.  This engineering approach, pursued in the references listed above, is not suitable 
for Earth sciences, in which we have to expect a long history (with unknown initial conditions) involving 
complex combinations of elasticity with pressure changes, temperature changes, compaction, solution 
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transfer, dislocation creep, metamorphic phase changes, cracking events, and frictional failures.  In this 
project I pursued another approach: fitting Φ�  and τ�  to a combination of boundary conditions, data, 
and a dynamic model by weighted least-squares. 
Assume that the 6 independent components of the τ�  tensor ( xxτ , yyτ , zzτ , yzτ , xzτ , xyτ ) at a particular 
space point (associated with a particular constraint index 1, ,b B= …  ) have been arranged into a 6-
component vector qτ , with 1, ,6q = … .  Assume that we are interested in one scalar model prediction 

bp  at that point, which can be expressed as a linear combination of tectonic stress components: 
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(Examples of useful scalar predictions include one component of traction on a particular surface, or one 
component of the deviator of the tectonic stress anomaly.)  Further suppose that we know a target 
scalar value bd  and that we know (or assume) its associated uncertainty (standard error) bs .  A 
reasonable approach is to minimize a weighted sum of squares of prediction errors, defined as 
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where bw  are the associated positive weights (dimensionless; possibly uniform within a class).   

Because Θ   is a quadratic form, its minimum can be characterized by 0ic∂Θ ∂ =  for all 1, ,i N= … .  
These equations form a square N×N linear system, abbreviated as 
 K c H= ��

� , where (9) 
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Note that B may be either less than or greater than N.  The assembly of this linear system is the most 
time-consuming part of the calculation, but I was able to structure it to achieve 100% CPU utilization on 
16 parallel processors.  The linear system is solved (for coeficients c� ) using routine GESVX of the 
LAPACK portion of the Intel Math Kernel Library.  This routine balances the system across both rows and 
columns, reports measures of the significance of the solution, and executes in 64-bit precision on 
multiple parallel processors. 
I found it is necessary to damp the linear system in order to control the condition number of K�  and 
protect against loss-of-significance.  The diagonal of K�  is searched for its largest value, and this is 
multiplied by damping factor 1×10-8 and added to all diagonal values.  The benefit is that random noise 
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in the solution c�   is kept to a manageable level.  The cost is that eigenvectors associated with very small 
eigenvalues no longer contribute to the solution, so part of the computational effort is wasted. 
The soft constraints utilized in this study were: 
(1) Boundary conditions.  Tractions on the plane at sea level (or the sea floor), due to the tectonic 
component of the stress anomaly, are set to zero at evenly-spaced grid points.  (This is because the 
correct tractions have already been built into the topographic stress anomaly component.)  Also, all 
tractions due to the total stress anomaly are set to zero at evenly-spaced grid points on the base of the 
model, and on the portions of the side boundaries deeper than 63 km, to represent a weak 
asthenosphere.  Thus, the target stress state for all asthenospheric boundaries is 0( )P z Iσ = − ��  . 

(2) Stress data from the World Stress Map [Heidbach et al., 2008].  A total of 624 data fell into the 
modeled volume, but only 449 data included the trends and plunges of principal stresses needed by this 
algorithm.  Most of these come from seismic fault-plane solutions of shallow crustal earthquakes; there 
are no data at mantle depths.  Only a very few (9) in-situ data include any information on stress 
magnitudes.  The distribution of data qualities was: A 66%; B 9%; C 14%; D 9%; E 1%.  To enforce each 
stress direction, stresses are locally rotated into a new Cartesian coordinate system defined by the 
seismic P, T, and B axes (assumed to be principal stress directions), and in this coordinate system all 3 
shear-stress components were set to zero.  I quickly found, however, that local inconsistencies between 
adjacent WSM stress directions caused all stress-anomaly components to approach zero in seismically 
active areas where there are many WSM data; this is clearly unreasonable!  Thus, it was necessary to 
balance the constraint of zero (rotated) shear-stress components with constraints of imposed non-zero 
values for the principal deviatoric stresses, using model values obtained from dataset (3) below.  This 
was accomplished by repeating the tectonic-stress solution, and only incorporating WSM data during 
the second pass. 
(3) A quasi-static dynamic model of stress in the lithosphere of southern California that was computed 
with finite-element program Shells [following the methods of Liu & Bird, 2002], and submitted 
independently to the Community Stress Model in September 2012.  This simulation used a 3-D 
lithosphere model built from the maps of topography and heat-flow (assuming isostasy and thermal 
steady-state), realistic nonlinear rheologies (frictional plasticity and temperature-dependent dislocation 
creep) and all the active faults from the southern California portion of UCERF3 Fault Model 3.1, assigning 
low effective friction of 0.15 on these active faults (but 0.85 in unfaulted blocks).  Such a model is 
needed to provide constraints on stress at subseismogenic depths, as well as model deviatoric stress 
magnitudes to supplement the directions provided by WSM data.  For this project, the Shells model was 
recomputed and sampled uniformly over the volume of this new FlatMaxwell model, using 
latitude/longitude steps of 0.1° and depth steps of 2 km (down to 25 km depth) and 5 km (below 25 km) 
for sampling. 
The uncertainty in each of these constraints is currently set to a constant bs =  2 MPa, 1, ,b B= … .  This 
constant factor could be cancelled from equations (8)-(11), and thus it has no effect on the solutions. 
In a systematic test of models with increasing spatial resolution (increasing W) I found some practical 
limits: (a) Computer memory.  The present algorithm requires a common memory store.  (The separate 
memory caches of the parallel processors are managed by the Intel Parallel Studio compiler and/or the 
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Windows 7 operating system and/or Intel and Dell firmware.)  For spatial resolutions of 4,5,6W =  the 
common-memory requirements are 5, 16, and 46 GB, respectively.  (b) Execution time.  Even with 16-
fold parallel processing, the execution times for spatial resolutions of 4,5,6W =  are 0.5, 1.8, and 7 
days, respectively.  (c) Diminishing returns.  At spatial resolution of 3W =  about 19% of the data-based 
eigenvalues in the linear system have been replaced by the higher common damping factor; therefore 
the corresponding eigenvectors are no longer contributing to the solution.  At resolution 4W =  the 
fraction is about 38%.  At resolution 5W =  this fraction has risen to 48%.  This fraction of wasted 
computation will probably continue to rise for higher W .  Until computers are available that achieve 
128-bit precision in rapid, parallel floating-point operations, there seems to be no easy way to solve this.  
Thus, the practical limit of available spatial resolution with the current FlatMaxwell code is 5 or 6W = .  
Thus, the shortest wavelength in the vertical direction will be 17 or 20 km if the model extends to 100 
km, and 10 or 12 km if the model extends only to 60 km.  Consequently, it must be recognized that 
vertical profiles of deviatoric stresses are somewhat smoothed compared to an ideal model based on 
the same inputs. 
Misfit measures are routinely computed to retrospectively score the FlatMaxwell solution with respect 
to each of the datasets that constrained it.  They are: mean angular error, RMS angular error, fraction of 
incorrect stress regimes (based on which principal stress axis is most steeply-plunging), mean stress 
magnitude error, and RMS stress magnitude error.  Note that stress-magnitude errors with respect to 
WSM data are not meaningful as there are only 9 data, all of them shallow.  A table of model misfits is 
available on request. 
In a systematic test of the effects of the weighting applied to constraints of types #2 and #3 (above), I 
found that only models with one of these weights at less than 10% can be distinguished and rejected.  
For relative weights on the WSM data group of 10~90%, maps of the solution, and misfit measures, are 
almost identical.  I interpret this to mean that the WSM data and the Shells model are basically 
compatible with respect to the regional map-pattern of the solution, and differ only in local details. 
Four final models were computed with 5W =  and with equal weight on the WSM data (as a group) and 
the Shells model (as a group), using each of the 4 topographic-stress models discussed previously.  Of 
these, the isostatic model with Poisson ratio 0.5 gave the lowest angular misfits to both WSM data and 
the Shells dynamic model, so this (Final032) is the preferred FlatMaxwell model.  It has mean angular 
misfit of 34° with respect to WSM, and 47° with respect to the Shells model; incorrect stress regimes are 
25% with respect to WSM and 46% with respect to Shells.  The mean stress-magnitude misfit with 
respect to Shells is 6 MPa, and the RMS misfit is 14 MPa. 
This preferred model is displayed in Figures 2 & 3.  It has peak shear stresses of 130 MPa, and peak 
vertically-integrated shear stresses of 3.4×1012 N/m.  It is notable how high deviatoric stresses are 
channeled through the strong provinces of the Peninsular Ranges and the southern Great Valley where 
heat-flow is low.  This feature was present in the Shells dynamic model, and it is apparently not 
contradicted by available WSM data.  Naturally, the highest deviatoric stresses occur in the seismogenic 
depth range in the upper crust, and in some provinces of low heat-flow and/or thin crust, a second 
maximum in deviatoric stress appears just below the Moho, where strong olivine replaces weaker 
feldspars and resists relaxation by dislocation creep to at least ~600°C.  I assume that some difference in 
rock-mechanics between olivine and feldspar causes these mantle stress maxima to be generally 
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aseismic.  Exchanges and balances between these “invisible” deep stress-guides and the shallow 
seismogenic crust are automatically enforced by the Maxwell formalism of this new method. 
INTELLECTUAL MERIT: 
The FlatMaxwell algorithm and program represent important advances in stress modeling, in 3 ways: 
1. It is now possible to merge stress data (which are usually just stress directions, and come primarily 
from the upper crust) with output from dynamic models (based on laboratory flow laws, plate-velocity 
boundary conditions, and computed geotherms) which constrain the likely magnitudes of deviatoric 
stresses and also the likely form of the mantle stress field. 
2. FlatMaxwell is free of assumptions about which flow laws (and flow-law constants) regulate the level 
of deviatoric stress.  Admittedly, such assumptions are made in program Shells, which contributed an 
important input dataset to this modeling effort.  However, replacing this Shells dataset with that from a 
competing dynamic model would be very easy, and would not require any reprogramming. 
3. Stress fields in FlatMaxwell obey the quasi-static equilibrium equation exactly, at all points.  This is 
superior to stress fields obtained from finite-element models which solve a weak form of equilibrium 
(sometimes weakened further by vertical integration) on a coarse grid. 
One immediate scientific result from this exploratory model is that, at least in southern California, 
deviatoric stress is anti-correlated with long-term deformation rate.  Regions of low heat-flow and no 
active faults are strong, and collect deviatoric stress (by geometric amplification) into “stress guides.”  
However, zones of many active faults are regulated to modest levels of deviatoric stress even though 
their long-term strain-rates are orders of magnitude higher.  This anti-correlation makes the true 
tectonic situation in southern California fundamentally different from that in any model that lacks 
spatial heterogeneity inherited from prior geologic and tectonic history. 
BROADER IMPACTS:  
The ability to visualize a candidate stress field for southern California with any desired map or section 
plane, using any desired measure of the stress tensor, is an important advance in education.  Even if the 
current model is later found to wrong in important ways, it will have advanced understanding of the 
kinds of stress field that are permissible (and impermissible) under quasi-static equilibrium. 
To the extent that the deviatoric stress magnitudes in the model are (approximately) correct, they may 
inform studies of the effective rheology of the lithosphere of southern California, and thus its 
composition and thermal state, and perhaps even its pore-pressure distribution. 
Investigators who need an estimate of the long-term-average stress directions in the southern California 
lithosphere (e.g., for Coulomb-triggering studies) can use these models as one possible resource. 
Investigators who monitor stress changes through time could consider the possibility of using a 
FlatMaxwell model as an initial (or final) condition, yielding models of tensor stress in 4 dimensions. 
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FIGURES: 

Figure 1.  Location of the model region (brown box) and of 3 vertical sections shown below in Figure 
3.  Colored map shows topography/bathymetry from the ETOPO5 DEM used in the calculation. 

. 
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Figure 2.  Vertically-integrated shear stresses (colored map) from preferred model Final032, which 
was based on topographic stress model Isostasy0.50.  Overlain line segments show trend of most-
compressive principal axis of the vertically-integrated stresses; shorter line segments imply steeper 
plunges.  Color of the overlaid line segment indicates tectonic regime (normal, strike-slip, or thrust). 

. 
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Figure 3.  Three vertical sections (at locations shown in Figure 1) through preferred model Final032, 
which was based on topographic stress model Isostasy0.50.  Colors show amplitude of the greatest 
shear stress (on any plane) at points in the plane of section.  Overlain line segments show plunge of 
the most-compressive principal stress axis; shorter line segments imply an orientation nearly normal 
to the section.  Color of the overlaid line segment indicates tectonic regime (normal, strike-slip, 
thrust).  Moho is shown with solid black line.  Topography/bathymetry are shown with no vertical 
exaggeration. 

. 


