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As proposed, we continued to investigate the physical basis of semi-empirical laws 
for rate and state friction. Work presented at the 2004 and 2005 SCEC meetings provided 
enough information to warrant further investigation of evolution laws and the importance 
of evolution laws to the healing of faults in interseismic periods. We made significant 
progress.  We have published 3 papers in G^3 [1,2,3]. Our paper on pure compaction has 
been accepted by JGR [4].  Our salient overall contribution demonstrates the 
thermodynamic bases of semi-empirical friction relationships from laboratory studies. 
This augments confidence in exporting these relationships to physical representation of 
real faults in the Earth’s crust. Fault mechanics including rupture initiation and field 
observation of faults are significant parts of the current SCEC effort by several 
investigators. 

 
Evolution laws. We begin with evolution laws of rate and state friction that represent 

the transition between static and sliding friction.  For brevity and because we plan 
application to diffuse strain away from faults, we present the strain-rate rather than the 
velocity form of the relationships [5,6]. In terms of macroscopic variables, the fault zone 
width is 
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where   P  is normal traction (effective pressure in general although we present drained 
case for simplicity),   µ0  is the coefficient of friction at reference conditions,   a  and   b  are 
small dimensionless constants. The inverse of the state variable !  represents damage. 

The normalizing value for the state variable is 
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where !  is a small dimensionless parameter than represents the behavior of the surface 
after a change in normal traction from [7], and     P0  is a reference normal traction. The 
static-stress earthquake triggering is expected wherever the Coulomb stress change 
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"# /"P  exceeds the critical value differential coefficient of friction 
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where the strain rate change is zero at constant state. 
The state variable evolves with time. In the formalism, its value depends on the past 

history of damage from sliding.  Various forms of evolution laws have been proposed.  In 
the notation of [5, 6], the Dieterich [8] or aging evolution law is 

    

!"

!t
=

# $ 0P
% / b

$int P0

% / b
&
" # $ 

$int

.          (3) 

the intrinsic strain     !int " Dc /W  (where 
  Dc

 is the critical displacement), The first right-
hand term represents healing and the second term damage from sliding.  It has the 
properties that the state variable increases with time (linearly for constant normal 
traction) when sliding is stopped during a hold. 

The Ruina [9] or slip evolution law in our notation is 
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The aging and slip laws make similar predictions if the velocity slows down (or speeds 
up) by less than a factor of   e . (Andrew Ruina and Jim Dieterich prefer that the 
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descriptive names be used.) The evolution laws become increasingly different for more 
severe slow-downs. In the limit of a “hold”   ! " = 0 , the aging law predicts that the state 
variable increases linearly with time, while the slip law predicts no change.  That is, with 
the slip law, the state variable at the time that pre-seismic creep commenced would be its 
value in the immediate aftermath of the last earthquake.  It is irksome that the aging law 
seems to work better sometimes and the slip law others.  For example, the aging law 
prevails for simulated gouge under humid conditions and the slip law under dry 
conditions [10] (See [1,2,11] for more discussion.) 

Both laws evolution become compaction laws when we apply the Segall and Rice  
[12] relationship between porosity   f  and the state variable: 
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where !  is a reference porosity and 
  
C!  is a dimensionless material property.  The aging 

and slip evolution equations for porosity then become 
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It is generally agreed that friction on a molecular level is thermally activated 
exponential creep [13-17].  In terms of microscopic quantities within a contact asperity, 
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where 

! 

" e  is the strain rate tensor, 

! 

ij  are tensor indices, 

! 

" #  is a constant with dimensions of 
strain rate, 

! 

" ij   is the deviatoric stress tensor, 

! 

s is a material constant with dimensions of 
stress, and the second invariant 

! 

r  is 

! 

" ij" ij  normalized without loss of generality so that 
it is the shear traction in simple shear. 

We used the productive approach of expressing the invariant in (8) in terms of the net 
stresses over the contact, which may scale with macroscopic quantities. That is, 
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2 , in macroscopic terms [1]. We constructed finite difference models to 

model exponential flow within a contact [2]. This yields parametric equations for strain 
rates [2,18, eqns. 20 and 22]. With some mathematics including Taylor series 
expansionss, we obtained the slip law with the following assumptions: the microscopic 
stresses at the contact scale to the macroscopic ones, the creep rate depends exponentially 
on the microscopic stress invariant 

! 

r , and that the fault zone dilates at a rate proportional 
to the shear strain. These assumptions yield the feature that no strengthening or 
compaction occurs during a hold.  Conversely, the aging law (6) arises when these 
assumptions do not apply. Particularly when different asperities accommodate shear 
traction and shear strain and normal traction and compaction strain. This may occur 
within a heterogeneous material where hydrated material at real contacts facilitates shear 
[8, 18-20] and compaction occurs elsewhere. It has applies to pure compaction where the 
normal traction dominates the stress invariant. This situation is likely persist where rock 
bears lithostatic load in many off-fault environments.  We are currently applying the 
aging load to healing of rock damage in the shallow subsurface resulting from strong 
seismic waves and to the related effect of nonlinear attenuation of strong waves.  

The stability parameter 

! 

a " b determines whether a fault can become unstable. Our 
work [2] on asperities between two sliding sheets shows that this parameter depends on 
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the shape of the asperities. For example, rectangular contacts formed at the expense of 2-
D triangular prisms imply that this parameter is zero. We have not yet obtained a 
relationship between the stability parameter and fractal properties of a surface or gouge. 

We obtained the porosity state relationship in (5) as the first term in a Taylor series 
relating real contact area to porosity. However, a simple explanation for the effect of 
sudden changes of normal traction on friction does not arise. Equation (2) is thus only a 
useful empirical approximation. 

 
Frictional dilatancy. We assumed that the rate of dilatant frictional strain is a 

constant fraction of shear strain when we derived the slip law in [1,2]. We presented a 
simple derivation of this assumption in [3] in terms of measurable physical parameters. 
As a practical matter, dilatancy reduces the fluid pressure within an undrained fault zone. 
This effect increases friction and tends to quench earthquakes. 

Overall we found it productive to consider gouge [1], sliding surfaces [2, 3], and 
compacting rock [4]. The relationship between frictional strain and damage is evident on 
a sliding surface. We present a brief version of our derivation in [3]. We start with the 
well-known derivation for the constant coefficient of friction 

! 

µ
0
, the leading term in (1). 

Failure (for example in quartz) occurs with the real shear traction of the order of 5-10 
GPa from indenter data from [21]. The quantity is large enough compared to 
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s in (8) to 
warrant approximating the flow law with failure at a shear yield stress 

! 

" y. A yield stress 
for normal traction 
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Py  arises similarly. The effects of macroscopic shear and normal 
traction both act on an asperity and effect the stress invariant 

! 

"  within the asperity so 
there is an implicit geometrical assumption about the contact, which we have investigated 
in the current proposal to derive the slip evolution law [1,2]. 

In the traditional contact-theory derivation, microscopic properties scale to the 
macroscopic ones, the coefficient of friction 
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The derivation to this point is well known. We extend it to include anelastic strains within 
regions overrun by contact asperities. We apply the dimensional result that the real shear 
and normal tractions are comparable and that they scale with macroscopic properties. 

We include elasticity with the justification that an infinitely rigid material stores no 
elastic strain energy. We justify ignoring inertia in [3].  We follow the effects of the 
normal traction 

! 

P  as we give dimensional results. That is, we do not distinguish at this 
stage between 

! 

"  and 

! 

P , whose ratio is the order of 1. We initially let the shear modulus 

! 

G dimensionally represent the elastic modulus for the actual geometry. We implicitly 
apply Saint-Venant’s principle [22, pages 89-90] throughout the discussion, the 
difference between loading by asperities and uniform loading by the macroscopic stresses 
away from the asperity being examined does not matter. 

We consider friction between two surfaces to avoid the geometrical complexity of 
gouge. That is, we associate the separation rate of the plates with dilatancy in gouge. We 
follow the path of a representative asperity of radius 

! 

A . For bookkeeping purposes, the 
asperity stays attached to the “upper” sheet in the figure. The lower sheet is initially 
planar and parallel to the upper sheet. The contact bears the macroscopic stresses over a 
region of radius 

! 

R. That is 
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"A2Py = "R2P  . (10) 
The asperity crosses a surface area of the lower “substrate” sheet of 

! 

2AVt  over time 

! 

t . 
The yield stresses act on the base of the asperity, causing the immediate substrate to yield 
downward to a depth scaling with the radius 

! 

A .  The volume of damaged substrate 
produced over the time is dimensionally 

! 

VA
2
t . 

 

 
 

Stresses in the substrate change as the asperity moves. The aftermath of its passage on 
the lower sheet is relevant. For simplicity, consider that the asperity slides on a planar 
surface parallel to the sheets. The “flat” position of the deformed material exposed after 
the passage of the asperity is that with the asperity on it with normal traction 

! 

Py .  With 
the load of the asperity removed, the exposed substrate material springs back, but stresses 
remain. The deformation is comparable to that from a negative normal traction scaling to 

! 

Py  over the exposed area. We use this feature as a statistical average to obtain 
macroscopic scaling relationships for dilatancy.  In general, deforming and object beyond 
its elastic limit leaves residual stresses and strains comparable to those at the yield 
criterion in its wake. 

Beginning with microscopic energies, the elastic strain energy per volume in the 
region damaged by passage of the asperity scales as 

! 

N = Py
2
/G, assuming that the 

stresses within the damaged region are comparable to the yield stress. The rate that the 
moving asperity creates elastic strain energy is dimensionally 
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We assume that comparable fractions of the available energy go into local elastic strains 
and work against normal traction (dilatancy). That is, the total energy 

! 

Q dimensionally 
represents both the local strain energy and the energy associated with dilatancy. We now 
equate microscopic and macroscopic effects to obtain the final equality from (10) which 
gives the macroscopic production rate of elastic energy, which is independent of the 
asperity radius. We compare this rate with the rate of dissipation of energy over this area 
from macroscopic friction, which is 

! 

Qf =VR2µP  .  (12) 
This yields that the ratio of elastic strain energy production to frictional energy 
dissipation scales (the dilatancy coefficient 
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where the coefficient of friction 

! 

µ is set to 1 because we have already dropped other 
factors of  this order in our dimensional presentation. Final approximate equality is useful 
as it involves only shear parameters. We do not distinguish this energy result 

! 

µ
0
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z
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x
 from the kinematic statement in (6) 
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= "V
x
 that the dilatational velocity 

(or strain rate) is proportional to the shear velocity. With more care in [3], the dilatancy 
coefficient is a large fraction of 

! 

" y /2G  or ~5% for quartz.  The measured dilatancy 
coefficient is ~4%, in agreement. Our work shows need to include elasticity in contact 
theory. 

 
Nonlinear attenuation and rock damage by strong seismic waves. We have begun 

to study nonlinear attenuation of strong seismic waves [e.g., 22-26] and transient changes 
in S-wave velocity following strong shaking [e.g., 27-31]. The two phenomena are 
related effects of rock damage. They occur in the shallow subsurface, upper 100 m in soft 
rocks, mathematically above a depth of ~1/4 wavelength where the ratio of dynamic to 
lithostatic stress is highest. The energy required to open cracks to reduce S-wave velocity 
against lithostatic stress is a significant source of attenuation of the incident strong wave. 
This result agrees with direct measurement of significant nonlinear attenuation of strong 
seismic waves in soft rocks [23]. 

S-velocity velocity changes are easily and commonly observed in low-velocity rock. 
Inconveniently, trivial S-wave velocity changes may be associated with significant 
attenuation of strong waves within hard rock. Shear cracks may dissipate significant 
energy but they do not efficiently generate porosity. Nonlinear attenuation and S-wave 
delays occur over a broad range of dynamic stress. We infer that this implies that failure 
occurs within small domains with high pre-stress and with dynamic stress concentrations, 
rather than a single yield stress expected from naïve friction. The aging law (3) readily 
explains the tendency for S-wave delays to recover with the logarithm of time after strong 
shaking. The analysis also implies that much of the porosity change occurs in small 
domains, rather than as a small uniform change throughout the rock. 

Quantifying nonlinear attenuation will aid in understanding how empirical 
relationships between shaking and earthquake distance arise. Nonlinear attenuation is 
both a site effect from the impinging wave and a regional effect in basins where 
reverberating waves attenuate each time they reflect from the free surface. Overall it 
limits the maximum particle velocity and dynamic stress at the surface. Understanding of 
its physical bases will aid in including the effect in representations of strong ground 
motions.  Dynamic and kinematic modeling of earthquake ruptures and the seismic waves 
generated by them are major efforts in the SCEC project by many investigators.  
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