
Localization and instability in sheared granular materials: Role of friction and
vibration

Konik R. Kothari∗

Mechanical Engineering Department
University of Illinois at Urbanna-Champaign

Ahmed E. Elbanna†

Civil and Environmental Engineering Department
University of Illinois at Urbana - Champaign

(Dated: July 20, 2016)

Shear banding and stick-slip instabilities have been long observed in sheared granular materi-
als. Yet, their microscopic underpinnings, interdependencies and variability under different loading
conditions have not been fully explored. Here, we use a non-equilibrium thermodynamics model,
the Shear Transformation Zone theory, to investigate the dynamics of strain localization and its
connection to stability of sliding in sheared, dry, granular materials. We consider frictional and
frictionless grains as well as presence and absence of acoustic vibrations. Our results suggest that at
low and intermediate strain rates, persistent shear bands develop only in the absence of vibrations.
Vibrations tend to fluidize the granular network and de-localize slip at these rates. Stick-slip is only
observed for frictional grains and it is confined to the shear band. At high strain rates, stick-slip
disappears and the different systems exhibit similar stress-slip response. Changing the vibration
intensity, duration or time of application alters the system response and may cause long-lasting
rheological changes. We analyse these observations in terms of possible transitions between rate
strengthening and rate weakening response facilitated by a competition between shear induced di-
lation and vibration induced compaction. We discuss the implications of our results on dynamic
triggering, quiescence and strength evolution in gouge filled fault zones.

I. INTRODUCTION

Understanding the dynamics of stick-slip instabilities
in sheared granular materials is a fundamental and long-
standing challenge in earthquake source physics. In the
case of mature faults that have accumulated hundreds
of meters of slip throughout their active history, there is
little doubt that shear deformation localizes dynamically
to very thin zones [1–8]. Unravelling how slip localizes in
such thin zones within a wider region of damaged mate-
rials and how the thickness of this shear band evolves as
a function of different loading conditions and what the
implications for the stability of sliding are, may hold the
keys for understanding a number of outstanding problems
in geophysics such as origins of earthquake complexity
and the nature of heat flow paradox.

In recent years, there has been a surge of interest
in understanding the role of acoustic vibrations in con-
trolling granular rheology. This is in part due to in-
creased observations of dynamic earthquake triggering[9–
11]. Laboratory-scale experiments and seismological ob-
servations suggest that a key role in dynamic earth-
quake triggering may be played by the non-linear dy-
namics of fault gouge accumulating at the core of fault
zones[12, 13]. Furthermore, insight from discrete element
modelling[14] and small-scale direct shear experiments
suggest that acoustic vibrations may lead to long lasting
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changes in granular rheology which in turn may change
seismic observables such as stress drop, inter-event times
and earthquake magnitudes in the period following the
cessation of slip compared to the un-vibrated cases[14].

In this paper, we numerically examine the stability of
sliding of a layer of granular materials in the absence and
presence of acoustic vibrations. The layer fabric may be
chosen to reflect frictionless or frictional particles. Our
primary theoretical tool is a recent formulation of the
Shear Transformation Zone (STZ) theory by Lieou et
al [15–17] that explicitly incorporates the effect of inter-
particle friction as well as internal and external vibra-
tion sources on granular rearrangements. We extend this
formulation to account for the potential of strain local-
ization and athermal shear band development. This will
enable exploring some of the implications of microscopic
processes as well as acoustic vibrations on the transition
between localized slip and distributed deformation as well
as the switch between unstable and stable slip.

The shear transformation zone (STZ) theory is a con-
tinuum model of plastic deformation in amorphous solids
that quantifies local congurational disorder [18]. The ba-
sic assumption in the theory is that plastic deformation
occurs at rare non-interacting localized spots known as
shear transformation zones (STZs). An internal state
variable, the effective temperature, describes fluctuations
in the congurational states of the granular material (i.e.,
a measure of local entropy) and controls the density of
STZs [19–22]. Effective temperature can be related to the
system porosity [15–17, 23]. This approach coarse-grains
granular simulations while retaining important physical
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concepts.
The volume of a granular layer, under the combined

effects of shear and vibrations, evolves under the com-
peting influences of shear induced dilation and vibration
induced compaction. As a result, the granular layer vol-
ume may exhibit a non-monotonic dependence on strain
rate [15–17, 24]. While shear induced dilation has been
coined as rate strengthening, the non-montonic volume
response in the presence of vibration points to possible
transition into rate weakening and accordingly loss of
sliding stability. This has been successfully demonstrated
by Lieou et al. [17, 25] who explored stick-slip dynamics
under a wide range of strain rates and confining pres-
sures and discovered a transition from fast stick-slip to
slow stick-slip and ultimately stable sliding as a func-
tion of increasing vibration intensity. However, in these
previous studies it was observed that the stability prop-
erties before the application of external vibrations are
recovered upon cessation of vibration and apparently no
lasting rheological changes occurred. This points to the
importance of including additional physics related to the
evolution of gouge internal state that may have different
relaxation time scales from what the scale of granular re-
arrangements. Two possible candidates are shear bands
and non-linear changes in gouge elastic properties as a
function of porosity.

The important new contribution in this this paper is
the inclusion of strain localization potential in theoretical
models of fault gouge subjected to vibration and shear.
This has important geophysical implications for earth-
quake nucleation and propagation, as well as assessing
fault zone susceptibility for dynamic triggering and un-
derstanding seismic patterns. The model is also an im-
portant step towards integrating effects of vibrations in
multi-scale models of fault zone inelasticity and dynamic
earthquake ruptures.

The remainder of the paper is organized as follows. In
section 2 we review the basic elements of the STZ theory.
In section 3 we discuss the set-up for the one dimensional
fault zone model, summarize the selected parameters and
provide an overview for the numerical procedure. In sec-
tion 4, we investigate the predictions of the model for
the emergence of stick-slip instabilities and the evolution
of shear bands under different strain rates and vibration
intensities. In section 5, we discuss the implications of
this model for earthquake dynamics and seismic patterns
and summarize our conclusions.

II. REVIEW OF STZ THEORY

Granular particles can move and rearrange in response
to applied stress. Molecular dynamics simulations of such
glassy amorphous materials show that plastic irreversible
deformation is localized in regions called shear transfor-
mation zones (STZs). These regions undergo congura-
tional rearrangement by flipping between two orienta-
tions, anti-aligned (−) and aligned (+) to the direction

of principal shear stresses [18]. A single STZ transition
is represented by an irreversible rearrangement that oc-
curs within the STZ whereby, the particles locally ex-
change nearest neighbor relationships. This event gener-
ates a quantum of local plastic strain. The macroscopic
plastic strain is the cumulative result of many such local
events. Once flipped, STZs cannot further deform in the
same direction. Instead, they are continuously created
and destroyed in order to further accommodate plastic
strain within the material. The amount of congurational
disorder in the system is characterized by a single state
variable: the effective temperature, χ. The effective tem-
perature is formally defined as the change in the system
potential energy (or volume) per unit change in the sys-
tem entropy [22, 23].

X =

(
∂V

∂Sc

)
Λα

(1)

We normalize this X by the excess volume per STZ, vz

(i.e. χ =
X

vz
). This normalized quantity can be related

to the granular layer’s porosity and is referred to as com-
pactivity in the later parts of this paper. A fundamental
result in the STZ theory is that the continuous creation
and annihilation of the STZs drive their density Λ toward
a Boltzmann distribution Λ ∝ exp(−1/χ) [21, 23, 26].
In this work, we introduce a non-dimensional measure of

shear stress, s, µ =
s

p
where p is the confining pressure.

We use a to denote the characteristic grain size of the
grains and ρG to denote its material density. We may,
now, write certain rate equations for the STZs [18, 23]:

τṄ± = R(±µ, χ)N∓ −R(∓µ, χ)N± + Γ̃

(
1

2
Neq −N±

)
(2a)

τ γ̇pl =
2ε0
N

(R(µ, χ)N− −R(−µ, χ)N+) (2b)

where τ = a
√

ρG
p is the inertial time scale and Γ̃ = Γ + ρ

is the attempt frequency. Here, Γ and ρ denote the me-
chanical and vibration noise strengths respectively. We
do not include friction in the attempt frequency as it
only serves to dissipate energy and does not explicitly
open or close voids. N± indicates STZs oriented in the +
or − direction respectively, R denotes their flipping rates
and Neq indicates the equilibrium number of STZs. We
introduce some intensive quantities:

Λ =
N+ +N−

N
; m =

N+ −N−
N+ +N−

(3a)

C =
1

2
(R+ +R−) ; T =

R+ −R−
R+ +R−

(3b)

where Λ is the STZ density, m the orientational bias,
R± = R±(µ, χ) is the rate of STZs flipping to ’+’ or ’-’
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state and N is the total number of grains/particles in
the same volume. The rate parameter C describes the
flipping rate bias and T is the orientational rate bias.

Using these, the Eqns. 2 can be written in terms of
intensive quantities:

τ γ̇pl = 2ε0ΛC(µ, χ)[T (µ, χ)−m] (4a)

τ Λ̇ = Γ̃(Λeq − Λ) (4b)

τṁ = 2C(µ, χ)[T (µ, χ)−m]− Γ̃m− τ Λ̇

Λ
m (4c)

where ε0 is a constant.
The expression for the mechanical noise strength term,

Γ can be derived by invoking the Pechenik hypothesis [27]
that states that Γ is directly proportional to the plastic
work done per STZ:

Γ =
τµγ̇pl
ε0µ0Λeq

=
2µ

µ0
R0 (T (µ, χ)−m) (5)

where we replaced C(µ, χ) by some constant R0 as when
µ is less than unity, the STZ flipping rate should not
depend strongly on shear stress as was suggested in prior
investigations [16, 17].

Now, let W denote the mechanical work done on the
system and q = τ γ̇ the non-dimensionalized strain rate.
Then, in the absence of vibration or internal friction, χ
evolves according to the following equation:

χ̇ =
W

τ

(
1− χ

χ̂(q)

)
(6)

This equation states that under the effect of exter-
nal work, the compactivity increases monotonically to
a strain rate dependent steady-state value given by χ̂(q).
Earlier studies[26] suggest that χ̂(q) is a monotonically
increasing function of the strain rate with the property
that χ̂(q) → χ0 if q → 0 and χ̂(q) → ∞ as q → q∗ .
Here q∗ is a characteristic inertia number at which the
behavior of the granular layer transition from the dense
regime to the fluid like regime.

If the granular medium is vibrated but not sheared, the
steady-state compactivity is determined by the vibration
noise strength, ρ and the compactivity evolution is driven
by the vibration work rate.

χ̇ =
Y

τ

(
1− χ

χ̃(ρ)

)
(7)

where χ̃(ρ) the steady-state value of χ at a given vi-
bration noise strength. According to past studies[28, 29],
the quantity ρ is proportional to the vibrational am-
plitude and the square of the frequency. Furthermore,
experiments[30, 31] suggest that χ̃(ρ1) < χ̃(ρ2) when-
ever ρ1 > ρ2 signifying that higher vibration intensities
lead to increased compaction (lower compactivity).

If the granular material is vibrated and sheared, one
may then write a general equation for the evolution of
the compactivity as follows:

χ̇ =
W

τ

(
1− χ

χ̂(q)

)
+
Y

τ

(
1− r(q, ρ)

χ

χ̃(ρ)

)
(8)

where Y is the work rate done by the external vibra-
tions and r is an interpolation function with the prop-
erty that: r(0, ρ) = 1 and r(∞, ρ) = 0. The first con-
dition ensures that steady-state χss = χ̃(ρ) in the ab-
sence of q, while the second condition ensures that in the
limit of high strain rates the steady-state compactivity
χss = χ̂(q), consistent with experimental observations
[24]. This may be made more explicit by setting χ̇ to
zero and solving for the steady-state compactivity in the
above equation:

1

χ
=

A

χ̂(q)
+

B

χ̃(ρ)
(9)

where A = W
W+Y and B = rY

W+Y . In a previous study[17],

it was shown that r = exp(− q
2

ρ ) is a plausible interpo-

lation function. Experiments[24] suggest that angular
grains upon shearing generate internal acoustic vibra-
tions that auto compact the granular layer. To model
this effect, Lieou et al.[17] accounted for inelastic colli-
sions between angular grains through the introduction of
a frictional dissipation term in the thermodynamics set-
up. The rationale is the inter-particle friction should be
reducing the disorder state of the system because it re-
stricts the configurational space for the particles. The
evolution equation of compactivity is modified to:

χ̇ =
W

τ

(
1− χ

χ̂(q)

)
+
Y

τ

(
1− r(q, ρ)

χ

χ̂(ρ)

)
− F

τ

χ

χ̂(q)
(10)

Here F is the frictional energy dissipated per unit time
through inelastic collisions. At low strain rates, this en-
ergy should scale with the contact area and square of
plastic flow rate. However, at high strain rates the con-
tact area would be reduced due to shear induced dilation
and hence a saturation may be hypothesized. Therefore,
we can write F = ξε0µ0Λ, where ξ varies as γ̇2

pl in the
limit of small strain rates and saturates to a constant
value in the limit of high strain rates. Thus, ξ is ex-
pressed as ξ = ξ0tanh((τfrγ̇pl)

2). With this expression
for ξ, Eqn. 10 predicts that that even in the absence
of external acoustic vibrations, frictional interactions be-
tween the grains has a compaction effect (i.e. reducing
the effective temperature) that competes with the shear
induced dilation (i.e. tendency to increase effective tem-
perature). If χ is spatially heterogeneous, there will be a
transfer of disorder from points of high disorder to points
of lower disorder. To account for this disorder diffusion,
inspired by models of gradient plasticity as well as diffu-
sion of Gibbs temperature between systems not in ther-
mal equilibrium, the compactivity equation is modified
as follows:
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χ̇ =
W

τ

(
1− χ

χ̂(q)

)
+
Y

τ

(
1− r(q, ρ)

χ

χ̂(ρ)

)
− F

τ

χ

χ̂(q)
+

∂

∂y

(
Dγ̇2

pl

∂χ

∂y

) (11)

Here, D denotes the spatial scale of compactivity diffu-
sion, and it scales with the square of particle size. Stabil-
ity analysis (in the absence of friction and vibration)[32]
shows that the feedback between the strain rate and com-
pactivity may amplify spatial heterogeneities in the com-
pactivity and ultimately lead to shear banding. Homo-

geneous deformation corresponds to
∂χ

∂y
= 0. For closure

of the system of equations, we assume an additive de-
composition of strain rate into elastic and plastic parts.
The stress rate is proportional to the rate of the elastic
strain. Mathematically,

ṡ =

∫ L/2

−L/2
[G (γ̇ − γ̇pl)] dy (12)

where, G is the bulk shear modulus

III. MODEL SET-UP

We are simulating an infinite layer of dense granular
material of thickness, L under a uniform hydrostatic pres-
sure, p and boundary shear rate corresponding to net
sliding velocity, v. We assume homogeneity along the
horizontal dimensions, x and z and thus all our variables
are function of the thickness (y-coordinate) only. We fur-
ther assume that the STZ density and the orientational
bias evolve on fast time scales relative to the compactiv-
ity. This may be justified by the looking at Eqns. 4a
where evolution of γ̇pl is directly proportional to STZ
density, Λ while that of the m and Λ is not. As a result,
we can assume m and Λ to be at their instantaneous
equilibrium values:

Λeq = 2e−1/χ (13a)

meq =
µ0

2µ

[
1 +

µ

µ0
T (µ, χ) +

ρ

2R0

]

− µ0

2

√[
1 +

µ

µ0
T (µ, χ) +

ρ

2R0

]2

− 4µ

µ0
T (µ, χ)

(13b)

Here, µ0 is the apparent yield parameter. As the name
suggests, this is the non-dimensional shear stress value
that when reached in the absence of friction and vibra-
tions, would cause yielding and initiate plastic flow. Eqn

13b may be simplified in case ρ = 0 as:

meq =

{
T (µ, χ), if (µ/µ0)T (µ, χ) < 1

µ0/µ, if (µ/µ0)T (µ, χ) ≥ 1
(14)

It follows from Eqn. 14 and Eqn. 4a that γ̇pl = 0, if

ρ = 0 and (µ/µ0)T (µ, χ) < 1, where T = tanh(
ε0µ

εzχ
)

[17]. Here, εz is the normalized excess volume per STZ.
In this paper, we assume that the apparent yield stress

is a function of compactivity. Intuitively, as the material
becomes more compacted (lower compactivity) it should
be more difficult to introduce non-affine rearrangements
in the material that promote yielding and vice-versa.
Hence, yield stress should decrease with increasing χ.
Lieou and Langer[23] suggested, guided by MD simu-
lation results from [33], that the minimum shear stress
should decrease as a function of Gibbs temperatures to a
minimum value and then remain constant. By analogy,
we assume that the minimum yield stress assumes the
following functional dependence on the compactivity:

µ0 =

{
A−Bχ χ < χ0

constant χ ≥ χ0
(15)

where we chose χ0 = χ̂(q)
We assume a spatially heterogeneous initial distribu-

tion of compactivity.

χ = 0.18

(
1 + sech

(
ky

L

))
(16)

where we chose k = 10 and L describes the thickness of
granular layer, which is chosen to be unity in our case.
We also assume no flux conditions for the compactivity
at the boundaries, that is

∂χ

∂y
= 0

∣∣∣∣
y=±L/2

(17)

To summarize, we write all governing equations as be-
low:

ṡ =

∫ L/2

−L/2
[G (γ̇ − γ̇pl)] dy (18a)

τ γ̇pl = 2ε0ΛR0[T (µ, χ)−m] (18b)

τ χ̇ =
2ε0µ0e

−1/χ

ε1

[
Γ

(
1− χ

χ̂(q)

)
− ξ χ

χ̂(q)

]
+
A0ρ

ε1

[
1− e

−q2
ρ

χ

χ̃(ρ)

]
+D0a

2γ̇2
pl

∂2χ

∂y2

(18c)

Λeq = 2e
−1
χ (18d)
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Parameter name Value Units
Vibration intensity, ρ 5× 10−4

Pressure, p 40 MPa
Characteristic grain size, a 350 µm
Density, ρg 1600 kg/m3

Bulk shear modulus, G 109 MPa
Diffusion constant, D0 1.0
χ̂(q) 0.3
χ̃(ρ|ρ 6= 0) 0.18
Yield stress parameter, A 0.30
Yield stress parameter, B 3.7× 10−3

STZ flipping rate, R0 1.00
Vibration constant, A0 0.01
ε0, εz, ε1 1.5, 0.5, 0.3
Friction constant, ξ0 0.004
Inertial time-scale, τ 2.2× 10−6

Frictional time-scale, τfr 0.013

TABLE I: Table of simulation parameters. Some
simulations with different vibration intensities, ρ were
also run. This is indicated before presenting results for

the same.

meq =
µ0

2µ

[
1 +

µ

µ0
T (µ, χ) +

ρ

2R0

]

− µ0

2µ

√[
1 +

µ

µ0
T (µ, χ) +

ρ

2R0

]2

− 4µ

µ0
T (µ, χ)

(18e)

where, A0 is a vibration constant and D0 is the com-
pactivity diffusion coefficient.

We assume constant χ̂(q) = χ̂0 ∀ q as the strain rates
considered here correspond to a dimensionless flow rate,
q much lower than the critical flow rate of q ≈ 1 be-
yond which the granular layer enters the fluid-like regime.
However, q ≈ 1 corresponds to a plastic strain rate of
γ̇ = q

τ ≈ 106 − 107/s (for the parameters in this work)
which is quite high as compared to the strain rates con-
sidered here. Hence, a constant χ̂(q) is reasonable.

A summary of the parameter values used in the follow-
ing simulations is included in Table I.

IV. RESULTS AND DISCUSSIONS

A. Steady-state shear stress and compactivity

We start by solving for the steady-state response of a
uniformly sheared layer with no heterogeneity in com-
pactivity, χ. This is done by setting the compactivity
evolution rate, χ̇ to zero and the plastic strain rate equal
to applied strain rate. We consider p = 10MPa to elim-
inate the possibility of stick-slip[17].

In fig. 1, we clearly see how vibrations fluidizes the
system at low strain rates causing compaction of the

FIG. 1: Variation of steady-state compactivity and
steady-state shear stress values (normalised) with strain
rates under different conditions of friction and vibration

granular system pushing the compactivity to be closer
to χ̃(ρ). This effect decreases as the strain rate in-
creases at constant vibration intensity, ρ. At low strain
rates (γ̇ < 1/s), the vibration effects dominate over me-
chanical loading and we see that the normalised shear
stress, goes very close to zero. This implies a regime
where the granular network has been completely flu-
idized. For frictionless grains, vibrations provide a mono-
tonic rate strengthening response. Perhaps, more in-
teresting is the non-monotonicity exhibited by frictional
grains. At low strain rates, frictional dissipation al-
lows for shear induced compaction of the granular ma-
terial leading to a slightly lower compactivity. At higher
strain rates

(
γ̇ ∈

[
102/s; 4× 103/s

])
, we see strain rate-

weakening behaviour which is central to the development
of stick-slip instabilities. At large strain rates, all systems
converge to a rate strengthening response.

In the upcoming sub-sections, we present our results
for dynamic simulations with the formulation described
in Eqn.18. We use O(h4) accurate finite difference meth-
ods for spatial derivatives and a predictor-corrector inte-
gration scheme for time integration. We chose different
conditions of simulation by introducing inter-particle fric-
tion and acoustic vibration to the problem one by one
and then together. This gives us four conditions viz.,
no friction and no vibration, only friction, only vibra-
tion and both friction and vibration present in the prob-
lem. We simulate each condition at 3 different strain
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rates, γ̇pl = 10/s, 100/s, 1000/s signifying different load-
ing rates in the non-monotonic regime.

We divide these results into three sub-sections each
evaluating the stress-strain response, the evolution of
shear band and the intermittent vibrations respectively.

B. Stress-strain response

Figure 2 shows the stress-slip response for the sheared
granular layer under different conditions and different
strain rates.

Low strain rates, γ̇ = 10/s: The shear response
varies significantly as different physical processes are con-
sidered. For the reference case (frictionless un-vibrated
grains), the response is initially linearly elastic. As the
shear stress exceeds the yield threshold, plastic strain
starts accumulating slowing down the increase in shear
stress upto a peak value before it starts to drop. The
sharp drop in the stress signifies a rapid increase in
the plastic strain rate which leads to strain softening.
During the increase in the plastic strain rate post peak
yield stress, the compactivity increases until it reaches
a steady-state value corresponding to the imposed strain
rate(Eqn. 18c). In the absence of friction and vibrations,
the stress also approaches a steady-state value and does
not change with further slip.

The introduction of frictional dissipation significantly
alters the response beyond the first peak in stress. For
one thing, stick-slip becomes apparent. Previous studies
by Lieou et al.[17, 25] on shearing a spatially homoge-
neous granular layer suggested stick-slip is possible only
in the presence of friction. This is still the case even
when shear bands form. The stick-slip pattern observed
in Fig. 2a is periodic. However, the stress drop magni-
tude is slightly smaller than the stress drop observed in
the case of frictionless un-vibrated grains. This may be
explained as follows:
In the presence of friction, the steady-state compactivity
is lower than its corresponding value for the frictionless
un-vibrated system (Fig 1). But the apparent yield stress
decreases with increasing compactivity. It follows that at
the end of the slip phase, the frictional system reaches a
lower compactivity and has a higher yielding threshold
than the frictionless system. Hence, the stress drop mag-
nitude is lower.

As for why stick-slip occurs, one should again refer to
the Fig. 1. The curves representing friction show a strain
rate-weakening behaviour (γ̇ ∈

[
102/s; 4× 103

]
). Since,

the shear band is the region where almost all the plas-
tic slip is accommodated, the plastic strain rate within
the band is typically much higher than the applied strain
rate (Eqn. 18a). Hence, even if the applied strain rate,
γ̇ = 10/s corresponds to a rate strengthening response,
the high strain rate within the shear band pushes the
system response to the rate weakening branch leading
to emergence of stick slip. This is consistent with pre-
vious experimental observations suggesting a transition

in sliding stability with the development of shear bands
[34, 35].

Applying external vibrations at an intensity ρ = 5 ×
10−4, introduces some notable differences in the stress
strain response for both frictional and frictionless grain.
First, the linear elastic response is much limited com-
pared to the cases with no vibrations. The stiffness is
lower and depends on the accumulated strain signifying
the plastic strain has started accumulating sooner. This
phenomena may be explained as follows: From Eqn. 13b,
meq depends explicitly on the vibration intensity, ρ. In
the case of ρ 6= 0, the plastic strain rate computed from
Eqn. 18b will no longer exhibit a stability transition at
s ≈ s0. Rather, plastic strain rate may develop even
if s ≤ s0; since external vibrations help fluidize the sys-
tem. Second, the peak stress is reduced in the presence of
vibrations. This follows from early accumulation of plas-
tic strain which allows strain softening to start at lower
stress and strain values. Third, strain softening is more
gradual in the vibrated cases. In the absence of vibra-
tions, the stress drop is sharp and occurs almost instan-
taneously corresponding to the strain being localized in
a relatively narrow shear band post yielding. Vibrations,
on the other hand, allow for irreversible transformations
in the granular network without requiring any yielding.
This leads to the de-localization of strain at low strain
rates and broader distribution of plastic flow across the
layer width. This in turn leads to a more gradual stress
drop.

Intermediate strain rates, γ̇ = 100/s: As the im-
posed strain rate increases, the differences in the shear
response between the different cases diminish. There
remain some differences however, which we summarize
here. While the response of frictionless un-vibrated layer
is almost identical to that at γ̇ = 10/s, the frictional sys-
tem show stick-slip cycles with smaller stress drop ampli-
tudes and more gradual slip accumulation. The reduced
stress drop amplitude is explained using Eqn. 18c. In
the presence of friction (but no vibrations) χ→ χ̂(q) Γ

Γ+ξ

in order to attain steady-state. As the imposed strain
rate increases, the mechanical noise strength, Γ increases
while ξ < ξ0 ∀ γ̇pl. This increases the steady-state com-
pactivity, leading to a reduction in the apparent yield
stress. This, in turn, causes the stick phase to develop
only up to the reduced yield stress value and hence a
decreased amplitude of the stick-slip stress cycle follows.

As for the comparatively gradual accumulation of de-
formation during the slip phase, this may be explained by
investigating the shear band dynamics. As the imposed
strain rate increases, a broader shear band is formed as
seen in Fig. 3 to accommodate the plastic slip rate in

the system
(
γ̇L =

∫ L/2
−L/2 γ̇pldy

)
leading to a larger slip-

weakening distance. More discussion on the characteriza-
tion and implications of shear band evolution will follow
in the next subsection.

With the application of external vibration, stick-slip
cycles diminish in the frictional system and the sliding
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(c) γ̇ = 1000/s

FIG. 2: Shear stress variation with respect to shear strain under different simulation conditions (a) γ̇ = 10/s:
Stick-slip is observed in the absence of vibrations. Vibrations lowers the peak stress and also the steady-state flow

stress (b) γ̇ = 100/s: Stick-slip is observed only in absence of vibration with the response different from (a) in terms
of stick-slip cycle times and stress drop magnitudes. (c) γ̇ = 1000/s: All cases converge to a similar stress-slip

response.

becomes stable after a few short-lived stick-slip cycles.
This corresponds to a brief period of localisation as shown
in fig. 3h. However, since vibrations allow irreversible
plastic strain accumulation without any apparent yield
requirement we see that as time passes, the band tends
to de-localize and the plastic deformation becomes more
distributed across the layer suppressing further stick-slip.
For the frictionless system, there is no stick-slip as ex-
pected. However, the stress falls steadily post yielding
until it gets stabilized and reaches a steady-state at high
strains (γ = 7). A similar trend, but on a shorter strain
scale, is observed for the frictionless vibrated case at
γ̇ = 10/s.

High strain rates, γ̇ = 1000/s: For the highest strain
rate considered in this study, the different cases yield
very similar stress-slip response. This may be justified
by the fact that in this limit, the frictional and vibra-
tion induced compaction is dominated by shear induced
dilation. No stick-slip occurs even in the presence of fric-
tion as strain rates within the shear band, despite being
higher, are within the rate strengthening limit as shown
in Fig. 1. Vibrations tend to increase compactivity out-
side the shear band as shown in Fig. 3j and 3l by allowing
plastic flow but macroscopic stress values do not change
considerably.

C. Shear band evolution

Strain localization may occur in sheared amorphous
materials for a variety of reasons. In athermal systems,
like the one considered here, shear bands may develop
from spatial heterogeneities in the compactivity (effective
temperature) distribution. A local increase in the disor-
der favours higher accumulation of plastic strain rates
which in turn lead to further increase in disorder. This
positive feedback reinforces the growth of unstable de-
formation modes leading to the localization of significant

portion of plastic strain at locations with highest ini-
tial disorder. Non-linear stability analysis by Manning
et al.[32] have shown that if perturbations in effective
temperature are high enough, shear bands may develop
and persist. However, eventually the disorder diffuses
across the layer width and the plastic strain de-localized
back into a state of uniform deformation over long time
scales.

Here, we analyse strain localization dynamics and the
evolution of shear bands in the different systems consid-
ered in the previous section. Figure 3 shows the contour
plots for the evolution of compactivity across the granu-
lar layer with increasing shear strain.

Low strain rates, γ̇ = 10/s: Localization occurs only
in the absence of vibration. The shear band persists for
both the frictional and frictionless systems and its width
remains approximately constant throughout the simula-
tion time. For the frictional system, we observe periodic
fluctuation in compactivity between high and low values
within the banded region. This corresponds to the stick-
slip cycles in the stress slip plots of Fig. 2a. A slip event
corresponds to a sudden increase in compactivity due to
sudden shear flow induced dilation. When the sudden
dilation is stabilized by frictional compaction we see that
the compactivity reduces until the next cycle. It is in-
teresting to note, however, that this stick-slip instability
in a spatially heterogeneous system is primarily confined
to the shear band region. In a frictionless system, the
shear band remains stable. Applying external vibrations
enables the accumulation of plastic strain and increase of
compactivity throughout the width of the sheared layer.
The strain does not localize and the shear band does not
develop.

Intermediate strain rates, γ̇ = 100/s: Similar to
the case with lower strain rate, a well localized shear band
only forms in the absence of vibration (with the simula-
tion parameters used here). We notice that the shear
band thickness increases. Stick-slip is evident in the fric-
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FIG. 3: Compactivity, χ plots: (From L to R) the columns correspond to γ̇ = 10/s. 100/s, 1000/s respectively. The
y-axis in each sub-plot represents increasing strain (time). The x-axis represents the spatial co-ordinate. Each row
represents a different conditions the simulation was run in: First row : Frictionless un-vibrated grains, Second
row : Frictionless vibrated grains Third row : Frictional un-vibrated grains Fourth row : Frictional vibrated grains

Refer to the text for details.
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(a) Low intensity vibrations (b) Medium intensity vibrations (c) High intensity vibrations

FIG. 4: Effects of intermittent vibrations on a frictional system sheared at γ̇ = 100/s (a) Low intensity
vibrations: No major changes in stick-slip cycle characteristics are observed for different time exposure ranges.(b)
Medium intensity vibrations: Stick-slip cycles are modulated during active vibrations but the original response

of the system is recovered after the cessation of vibration. Inserts show relative effects of vibration duration on
stress-slip response(c) High intensity vibrations: Complete fluidization of the granular network occurs and

stress drops almost completely. If material is exposed for long enough duration, stick-slip is completely eliminated
and original response is not recovered after cessation of vibration.

tional system with episodes of compaction and dilation
within the shear band. For the frictionless systems, the
shear band is as stable as before.

The introduction of external vibration enriches the re-
sponse. For the frictionless system, we observe an ini-
tial localization of disorder that gradually spreads out
towards a more levelled distribution in which the differ-
ence between the maximum and minimum compactivity
is just 0.02 at γ = 1.0. If the simulation is run longer,
the vibrations will cause a complete annihilation of this
residual inhomogeneity in the disorder. For the frictional
system, there is a transient phase of strain localization
in which a brief episode of stick-slip occurs. This is re-
flected in the initial non-smoothness of the localization
band. However, as more strain accumulates, the vibra-
tions lead to an increase in compactivity and consequent
plastic strain accumulation outside the shear band. This
reduces the difference between the compactivity within
and outside the shear band and thus the effective degree
of localization defined, for example, by the fraction of
the plastic flow within the shear band divided by total
plastic flow in the entire domain, is reduced compared to
the other cases. Hence, while the shear band is appar-
ently narrower in this case, its proportion of plastic flow
is lower.

High strain rates, γ̇ = 1000/s: In this limit of high
strain rates, all cases exhibit strain localization to dif-
ferent degrees. The shearing is smooth, however, and no
stick-slip occurs. The higher imposed strain rate requires
a broader shear band to compensate for applied strain
rate. The application of external vibration lead to some
accumulation of plastic strain outside the shear band as
is reflected by increase in compactivity outside the shear
bands (Figures 3j, 3l). However, due to the high strain
rate, the response is more or less dominated by the me-
chanical noise strength and the shear band remains well

localized throughout the simulation time.

D. Effect of intermittent vibrations

To test if vibrations can introduce lasting changes in
the granular network, a series of simulations with in-
termittent vibrations were run on the frictional system
sheared at strain rate γ̇ = 100/s. Figure 4 summarizes
the results of these numerical experiments. Intermittent
vibrations start at strain, γ = 0.5 and end at different
strains as evident in Fig. 4. The vibrations are applied
for three different durations: long, medium and short.
Short duration corresponds to vibrations that last less
than one stick-slip cycle, medium duration simulates vi-
brations that run over a few cycles (5-10) while a long du-
ration vibration is allowed till a new steady-state pattern
emerges. The vibrations are not immediately applied at
full intensity, ρ instead are ramped linearly from ρ = 0
to ρ = ρ∗ during a few simulation time-steps. Here, ρ∗ is
the vibration intensity of the given case.

Low intensity vibrations, ρ = 5 × 10−6: Applying
low intensity vibrations after the onset of stick-slip cycles
has very little effect on shear response independent of the
vibration duration. In particular, the stick-slip pattern
does not change during or after the vibration episode.
There is a minor difference, however, in the compactivity
evolution as shown in Fig. 5 for different vibration du-
rations. As the vibration duration increases the plastic
strain outside the shear band increases slightly. However,
this has no significant implications for the macroscopic
stress strain response.

Intermediate Intensity Vibration, ρ = 5 × 10−4:
Applying this level of vibration for a period of just one
stick-slip cycle (short duration) has only a minor effect on
this particular cycle. As soon as the vibration stops, the
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Short duration
(a) Low intensity (b) Medium intensity (c) High intensity

Medium duration

Long duration

FIG. 5: Compactivity distribution plots for a frictional system sheared at γ̇ = 100/s exposed to
different intensities of intermittent vibrations:(a) Low intensity vibrations cause very minor changes in the
compactivity distribution for all three exposure times (b) Medium intensity vibrations change the stick-slip cycle

lengths and stress amplitudes. However, stick-slip characteristics are recovered post removal of vibrations (c) A long
enough exposure to high intensity vibrations brings about a lasting rheological change in the compactivity

distribution eliminating stick-slip. A lower exposure does not completely eliminate the heterogeneity in compactivity
and the positive feedback between compactivity and strain rate causes the diminished heterogeneity to grow and

form shear bands post removal of vibrations

stick-slip pattern resumes its pre-vibration trend albeit
with some plastic strain accumulated outside the shear
band. Increasing the duration of vibration alters the stick
slip response. The stress drop per slip event gradually in-
creases (see Fig. 4b) and the stick-slip duration becomes
progressively longer. Plastic strain starts accumulating
outside the shear band which increases compactivity out-
side the band. However, on removal of vibrations, stick-
slip continues. A similar trend is observed when the vi-
bration is applied for a long duration. While the stick-slip
cycles are modified by the vibration, there are no lasting

rheological changes after the vibration is stopped since
the shear band characteristics are only slightly affected.

It may be interesting to compare the results for the in-
termittent vibrations to those in Fig. 2b for which vibra-
tions (of the same intensity), have been applied continu-
ously from the start of shearing. In the continuous vibra-
tions cases, no persistent stick-slip is observed. However,
in the intermittent vibrations case, stick-slip characteris-
tics are modified in terms of its amplitude and frequency-
but not diminished. This may be explained as follows:

Vibrations allow for plastic flow to develop irrespective
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of the stress value. The amount of plastic flow developed
increases gradually with the macroscopic stress and de-
pends on the vibration intensity. If we introduce vibra-
tions from the start, we allow for sufficient plastic flow to
be generated across the layer (including outside the re-
gion where the shear band may potentially develop). The
strain rate may initially localize leading to strain rate val-
ues inside the shear band being higher than the imposed
strain rate forcing the system into the rate-weakening
branch of the stress-slip response and causing stick-slip.
However, since plastic flow has been already accumulat-
ing outside the shear band due to the sustained vibration,
the shear band formed is narrower and has lower degree
of localisation (defined as before, fraction of plastic flow
rate within the shear band compared to the total plastic
flow rate). The change in plastic flow rate in the shear
band moves it towards the rate strengthening branch and
leads to the disappearance of the transient stick-slip.

Introducing intermittent vibrations for a system that is
already in stick-slip has a different effect. During the slip
phase, there is a sharp increase in plastic flow rate and
compactivity inside the shear band. The local increase
in compactivity reduces the yield strength and causes a
stress drop in the entire system (since the stress must
be uniform everywhere for equilibrium). The reduced
macroscopic stress diminishes the vibration induced plas-
tic strain rate outside the shear band. During the stick-
phase, the macroscopic stress increases again and plastic
flow develops outside the shear band. However, vibration
does not have sufficient time to increase the compactiv-
ity outside the shear band to a sufficient level that would
homogenize the system; the yield threshold is reached
within the shear band sooner leading to another episode
of slip and instantaneous stress drop. The stick-slip cycle
then repeats.

All this suggests that the timing of the application of
intermittent vibrations, and what state the system is in
apart from the vibration intensity itself, plays a signifi-
cant role in the system response to vibrations.

High Intensity Vibration, ρ = 5 × 10−2: Perhaps
this is the case where the most significant changes in the
rheology are observed. Due to the high vibration inten-
sity, there is an instantaneous and almost complete stress
drop that occurs even if the vibrations are applied for
only short period. Furthermore, the shear band almost
completely disappears. As a result, after the vibration
is stopped, the system does not return instantaneously
to its pre-vibrations state. However, it takes some time
to reload and reach the yielding threshold again. After
reaching this stress peak, the system may still exhibit a
different response as shown by the red and blue curves
in Fig. 4c. In particular, no stick-slip is observed follow-
ing a long time application of transient vibrations. This
is attributed to the complete disappearance of the shear
band and the attainment of a new steady-state with uni-
form compactivity. In the case of applying vibration for
a medium period, there is a period of stable sliding that
follows the cessation of vibrations. However, due to the

existence of minor perturbation in the compactivity at
the end of the vibration period, this perturbation even-
tually grows into a new band and the stick-slip pattern
is repeated. For the short time vibration, the stick-slip
pattern resumes shortly after the elastic reloading phase
is over. These results suggest that for a lasting rheolog-
ical change effect to occur there must be a permanent
change in the system state. Here, this change is the dis-
appearance and rebirth of the shear band over different
time scales.

V. CONCLUSION

Understanding deformation and failure in granular ma-
terials is a problem of both fundamental importance and
practical relevance. This is because many natural phe-
nomena as well as industrial processes are controlled by
the physics of granular deformation. Earthquakes, land-
slides, or pouring, transportation, and mixing in food and
pharmaceutical industries are just few examples where
granular rheology, especially that which involve the shear
response due to local particle rearrangement, is of direct
relevance. In many circumstances, the granular deforma-
tion is not macroscopically uniform but localizes in shear
bands or exhibit spatio-temporal stick-slip complexity. In
this paper we presented a numerical model for shearing a
granular layer with spatially heterogeneous porosity-like
parameter in the presence and absence of external vibra-
tions. We discussed how strain localization and stick-slip
instabilities may be possible under these different loading
condition.

The consideration of both vibration and shear is mo-
tivated by a number of different applications. Recent
observations in seismology suggest that dynamic earth-
quake triggering is a well-documented phenomenon by
now[9, 36, 37]. In this case, seismic waves emanating
from an earthquake on a given fault may cause prema-
ture slip on a distant fault that would not have had moved
if the original earthquake did not happen. Seismic waves
cause shaking of the fault gouge region, which is already
being sheared under the effect of tectonic loading, chang-
ing both its rheology and critical stress state, as is sug-
gested by our current model. Another relevant appli-
cation is control algorithms for transportation of grains
in pipelines and on conveyor belts where the sticking of
the grains may have detrimental effect on the process.
In that case, applying external vibrations should help
un-jam the granular layer and move it steadily. In this
paper, we showed how vibrations and shear interact with
each other, affecting dense granular flow by regulating
shear band evolution and modifying stick-slip response.
The interaction strength depends on the shear rate, vi-
bration intensity, the time of application of vibration and
its duration as well as the nature of the grains whether
they are frictional or frictionless.

Our primary theoretical tool for this investigation is
the shear transformation zone (STZ) theory, a non-
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equilibrium statistical thermodynamic theory for describ-
ing plasticity in amorphous materials. The theory be-
longs to the family of visco-elastic-plastic models with
internal state variables. In the current formulation of
the theory, the main state variable- the compactivity, is a
measure of volumetric changes in the sheared layer due to
the local rearrangements of the particle network. In that
sense, a one-to-one correspondence between compactiv-
ity evolution and porosity evolution may be established.
The theory was recently modified by [25] to incorporate
the effects of external vibration on a sheared layer with
spatially homogeneous structure. In this paper, we ex-
tended this model by allowing the possibility that the
spatial distribution of the compactivity or porosity in the
granular layer is non-uniform. This enabled the investi-
gation of strain localization and shear band development.
Prior studies[8] developed a porosity-based formulation
of gouge plasticity and explored shear banding in that
context[34]. However, to the best of our knowledge this is
the first study to consider a statistical thermodynamics-
consistent model for that purpose and to incorporate the
effects of external vibrations on the shear band dynamics.

Our results suggest that strain localization occurs in
both frictional and frictionless systems in the absence of
vibration. The application of external vibrations may
prevent the formation of the shear band altogether at
low strain rates. As the strain rates increases, the
competition between shearing and vibration may allow
shear band development at low strain but causes de-
localization of slip at larger strains. In the limit of high
strain rates, the strain localizes due to the dominance of
mechanical noise which the external vibration may not
overcome (for the vibration intensity values considered
here). These results may provide guidelines in control-
ling physical systems incorporating friction or sliding on
granular/powder layers where strain localization is not
desirable by changing the level of applied external vibra-
tions.

Our results further suggest that stick-slip occurs only
in systems with frictional grains. This is consistent with
the findings of Lieou et al. [17, 25]. However, due to the
strain localization in our simulations the stick-slip is only
confined to the banded domain. A signature of this is the
episodes of periodic dilation and compaction seen in the
compactivity distribution within the shear band in Figs.
(3g, 3c). Recent experiments on bulk metallic glass by
authors of [38] reported that cavitation and roughness
are observed within the shear band upon investigating
post fracture surfaces. Our results provide a framework
for explaining these observations in terms of local com-
paction and dilation in the presence of rate dependent
dissipative processes (The frictional noise term used here
is one possible candidate for these internal dissipative
phenomena).

Numerous laboratory experiments suggested that
strain localization is associated with a transition into rate
weakening response as measured by the (a-b) rate pa-
rameters in velocity stepping experiments [34, 35]. Sev-

eral hypothesis have been put forward to explain this
transition including grain fragmentation and rotations
facilitating grain alignment in the direction of shear.
Our model suggests that this possible transition asso-
ciated with strain localization may not be universal but
will happen in a given range of strain rates due to the
auto-acoustic friction induced compaction (which may
be very well due to grain collision, rotation and align-
ment). In particular, auto-acoustic compaction leads to
non-monotonic rheology. The local increase in strain rate
within the shear band may shift the system response from
a rate strengthening branch to a rate weakening branch
even if the imposed strain rate entails a rate strengthen-
ing behaviour. For these very same reasons, it is possible
that strain localization occurs and the stability of sliding
does not change (i.e. remains rate strengthening). We
have observed this to be the case for high strain rates
where the response is already on the rate strengthen-
ing branch at both the low (imposed) and high (local)
strain rates. This points to the role of local processes
and heterogeneities in controlling macroscopic response
and overall sliding stability.

The stick-slip cycles may change due to the applica-
tion of external vibrations. If vibrations are applied dur-
ing the early elastic loading phase of the granular layer
the stick-slip may completely diminish resulting in long-
term stable sliding. However, if external vibrations are
applied after the development of the stick-slip cycle, vi-
brations may alter the stick-slip response. The effect de-
pends on the duration and intensity of external vibra-
tion. Short duration low amplitude vibrations has nearly
no effect. However, long duration large intensity vibra-
tion may abolish the stick-slip cycles, lead to large stress
drops, and lead to stable sliding even after the cessation
of vibration. This may be considered as another exam-
ple of vibration-induced lasting rheological changes sim-
ilar to those that have been observed in recent discrete
element models [39] and laboratory experiments [12].

In seismology, it has been observed that elastic waves
may, in some cases, cause early triggering of slip and
amplification of seismic activity [40, 41]. In some other
cases, it has been reported that vibrations may lead to
quiescence and a period of no seismicity. Our results
suggest that vibrations may amplify or diminish stick-
slip cycles within the shear band depending on the state
of the system at the time of application of the vibrations
and the properties of the vibrations. For example, apply-
ing medium intensity vibration for an extended period of
time may amplify the stress drop during the slip phase
and prolong the slip duration. On the other hand, large
intensity vibration applied for an extended period of time
may lead to a quiescent period where steady sliding pre-
vails following the cessation of vibrations. A new cycle
of stick-slip may follow this quiescent period depending
on the duration of the vibration phase. The longer the
vibration period, the less probable that stick-slip will re-
emerge.

Lasting rheological changes in this study is primarily
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due to permanent changes that the vibrations introduce
into the structure of the shear band. The broadening or
disappearance of the shear band as a result of external
vibrations changes the state of the system at the end of
the vibration period. It takes time for the strain to re-
localize again, if at all possible. This leads to changes in
the post-vibration period rheology. However, other can-
didates for inducing lasting rheological changes are also
possible. For example, changes in elastic modulus due to
vibration induced compaction is a possibility. Another
possibility is viscous relaxation and ageing due to creep
at inter-particle contacts. This may be incorporated in
our model through a two scale model similar to the one
used by Elbanna and Carlson, 2014 [42] in which physics
of sliding at contact asperities informs the STZ model.

A third possibility is that physical systems of interest
(e.g. faults) extend spatially and non-uniform interac-
tion between the different components of such systems,
that are subjected to inhomogeneous vibration intensity,
may be responsible for different rheological response after
the cessation of vibrations.

Future work may focus on the extension of the cur-
rent 1D model into 2D model for gouge layers that will
enable more complex evolution of the shear band and
the incorporation of complex spatial heterogeneities. An-
other possible extension is the incorporation of the STZ
model with vibration dependent rheology into a simpli-
fied dynamic rupture model such as the Burridge-Knopoff
system for which the long term failure statistics may be
explored and statistics of event sizes, stress drops, and
inter-event times may be investigated.
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