
Insights and emerging 
directions from Force-
Balance based Joint 
Inversion  of GNSS and InSAR

Mradula Vashishtha 1, William Holt1, Jeonghyeop Kim2

Acknowledgments:
This research has been sponsored by SCEC grant 24177, 25322 and NASA [FINESST program 80NSSC19K1367; ESI 80NSS-C21K0838

Highlights
§Southern California exhibits com plex deform ation patterns and fault system s.

§We com bine the strengths of GNSS and InSAR using the joint inversion to overcom e their 
spatial and directional lim itations respectively.

§W e em ploy a physics-based approach based on solutions of the force balance equations on a 
sphere using the weak form ulation in finite elem ents. 

§W e obtain basis function responses to force rate couples ∅∅ , ∅𝜃  and 𝜃𝜃  in the horizontal and 

for Ur/r for the vertical basis function response. For the spherical case the vertical response is 
weakly coupled to the horizontal.

§Solutions can also be expressed in term s of the input force rate couples, which are the vertical 

derivative of horizontal shear stress (VDoHS) rates #$!"#%  and 
#$#"
#%  .

§W e use this joint inversion algorithm  to provide an estim ate of a tim e-averaged strain rate field 
(15-year average), rotation rates, and vertical gradients of horizontal shear stress (VDoHS) 
rates. 

§W e also develop a m ethod to determ ine the velocity field and full strain rate tensor at depth 
within the crust.  

§We investigate the gradients of force rates (divergence and shear), eigenvectors of these 
gradient fields, and directions of zero change in these gradient fields.

§We show these gradient fields yield insights into the dynam ics of the elastic field including fault 
locking depths, slip rates, m axim um  shear orientations and their locations.

§The Force-Balance approach yields insights into the source of off-fault deform ation. A long 

strike slip rate changes typically result in basin form ation in areas containing the m ajor strike 
slip faults and adjacent shortening in directions nearly perpendicular to the strike of transform  
faults
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Solution to the force balance equations is obtained by minimizing the J functional :
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where 𝜎BC	is	the	stress	rate
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Figure 1. (a)-(d) response functions of velocity and force rates (VDoHS) (e)-(h) 
in response to input potentials 𝜱𝒊.
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Joint Inversion

The best-fit linear combination of response functions that can predict GNSS and InSAR is obtained by 
performing Ridge regularization (L2 norm). 
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𝑊 𝑟̂  is the vector rotation function on the surface of a sphere, 𝑝̂ is the unit pointing vector from ground 
to satellite and 𝑢> is is the velocity in the radial direction of the Earth on the surface. 

Steady-state deformation can be expressed as:
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Assume linear relationship of gradients of velocity with depth:

𝜕𝑢%
𝜕𝑥 𝑧 = 𝑎5𝑧 + 𝑏5
𝜕𝑢%
𝜕𝑦

𝑧 = 𝑎9𝑧 + 𝑏9	
𝜕𝑢V
𝜕𝑧 𝑧 = 𝑎;𝑧 + 𝑏;
𝜕𝑢U
𝜕𝑧 𝑧 = 𝑎<𝑧 + 𝑏<

At z=0, 12"
1!
= 412!

1"
	and 12"

1#
= 4

12#
1"

  gives b coefficients.

Assuming #W3"

#%
 = 0 gives a coefficients.

𝑢V 𝑧 =
𝜕𝜀V%
𝜕𝑧

𝑧9

2
+ −

𝜕𝑢% 0
𝜕𝑥

𝑧 + 𝑢V 0

𝑢U 𝑧 =
𝜕𝜀U%
𝜕𝑧

𝑧9

2
+ −

𝜕𝑢% 0
𝜕𝑦

𝑧 + 𝑢U 0
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Figure 3. Input GNSS velocities from Blewitt et al. 2016 (NGL’s 
MIDAS) and Zeng 2022 in blue arrows and predicted velocities  from 
the Joint Inversion in voilet arrows. Horizontal velocities are in an  
ITRF14.

Figure 2 . Estimated Horizontal strain rate field from the Joint Inversion.

Figure 4. (a) Dilatational and (b) Shear component of force rates (Vertical derivative of horizontal shear stress rates VDoHS) at the surface obtained from the 
Joint Inversion.  

Implications for along-strike slip-rate variation in force rate 
field
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1-dimensional functional forms of horizontal component 
surface velocities, strain rates, VDoHS rates and gradients 
of force rates for a vertical strike-slip fault

Strain rates and velocities with depth :

Figure 10. Comparison of strain tensor with the Kostrov summed 
moment tensors (Cheng et al. 2021) for both surface and at depth (10 
km).

Implications for Patterns of Mid - 
Lower Crustal Flow

Figure 11. Mid crustal dilatation inferred from extrapolation of 
surface VDoHS using equations (1) and (2).

(1)

(2)

Spatial gradients of force rate and implication for fault related 
deformation field

Figure 9. Background shows the shear component of the spatial gradient field of force rates G1_F = (dFx/dx – 
dFy/dy). The bars show directions along which the spatial gradients in force rate are zero. These directions align with 
major strike-slip structures and their magnitudes (length of lines) also predict location of maximum shear along with 
the sense of slip (right-lateral or left-lateral) on those faults.

Figure 8. Background shows the shear component of the spatial gradient field of force rates G1_F = (dFx/dx – 
dFy/dy).  The arrows show eigenvectors of spatial gradient of force rate change, as in Figure 7. The width of the belt 
of positive G1_F (labeled Hf in Figure 6) that runs parallel to the major strike-slip transform faults is proportional to 
fault locking depth. Note that double lobes of opposite sign, on either side of the positive anomaly, is a signature of 
elastic locking on major transform faults.

Figure 7. Contoured background shows divergence of spatial gradients of dilatational component of force rate field. 
Eigenvectors of spatial gradients of force rates, equal to directions of maximum (convergence rate) and minimum 
(divergence rate) in force rate gradients. 

Figure 6. Hf is the peak width for gradient of force rates, bounded 
by double lobes of opposite sign. Fault locking depth is 0.87Hf. Figure 5.
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and max shear

Negative lobes
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